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1. Introduction

During the last decade , when least—squares collocation
presented itself as fhe dat a processing m odel in physical geodesy,
the most serious argument against was the in version of a large
matrix res ’l t -i ng in much computer time needed for this purpose.
No attention was paid to the time used for calculating the linear
functionals on the covariance function because for simple problems
this time is definitely inferior to the inversion time . The
situation , however , changed immediately when problems were
attacked which involved many and/or difficult covariance calcu-
lations. Although R.H . Rapp and C .C. Tscherning succeeded in
deriving closed expressions of covariance functions for different
models of ano m aly degree variances (~ app and Tscherning, 1974),
the closed expressions still consist of functions like logarithmic
and trigonometric functions , which are expensive in terms of computer
time . There is obviously no way out of this dilemma .

We mention only a few kinds of application: prediction
of mean gravity anomalies over rectangular blocks from point
values , prediction of mean gravity anomalies over larger areas
from mean gravity anomalies over smaller areas , prediction of
mean gravity anomalies from satellite altimetry data , all
problems involving satellite dynamics. All these applications
have one common feature: it i s  necessary to calculate covar iances
by numerical integration. In case of mean gravity anomaly pre-
diction the integration is at most twofold , in case of satellite
dynamics , however , it is multifold. In the former case an explicit
integration procedure can be avoided , if one replaces the rec-
tangular area of integration by a circular one. The so-called
smoothing operation is caused by an isotropic smoothing operator
acting on the covariance function which itself is also isotropic.

Therefore , the convolution of the smoothing operator with the
covariance function corresponds to a p roduct of the corresponding

eigenvalues , which is naturally very simpl e. In order to obtain
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closed expressions for the mean gravity anomal y function , however ,
a further artificial assumption has to be made: the eigerva l ues
of the smoothing operator have to be replaced by some other
values (K.P. Schwarz , 1976). In problems involving satel V~ ite
dynamics as satellite-to —satel lite ranging probably th e onl y way
to calculate co v ariances is by r umerical integration over some
time interval. Using exact covariances for the integration proce-
dure is extremely time consuming (J. Kry~ ski , 1978).

These were the reasons wh y the question arose whether
it is possible to use some more or less accurate approxi ma t~ons
of the exact covariance functions; the approximating functions
should be simple , easy to handle , accurate and should consume
as 1 i ttle mass storage as possible. A first attempt was reported
to the author by G. Lachapelle (personal communication ) who re-
placed the different covariance functions by step functions ,
the simplest approximating finite elements. However , one has
to be very careful when using such approximations because of
the possible lost of positive definiteness of the covariance
matrix.

A better approximation can probably be achieved by
piecewise linear elements and , even more , by cubic spline func-
tions. From our point of view , the spectrum of the approximating
function relative to the exdct one gives a very good idea of
its usefulness. Chapter 3-5 , therefore , deals with the spectral
properties of the functions considered here. -

Due to the approximation of the basic covariance func-
tion the covariance matrix differs slightl y from the exact one.
This fact , again , will falsify to some extent the predicted
signal as well as its error. It is not a simple task to esti—
mate the consequences of inaccurate covariances . An attempt in
this direction is performed in chapter 8.

-g
- ~~~~~~ .

— S .
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In cha pter 9 we shall present a spatial approxi-

mation mod el wh ich is based on a bicubic sp l ine function. Com-

parisons of computer time used for the exact and approximating

cova ri ance func ti o~ fini s h  our investi gat ions.

2 . Basic propertie s of covariance functions

S ince  co~ l o ca t ion i s a l r e a dy very we l l  known to geo-
d e s i s t s , we w i ll , o n l y f o r  t h e s a k e  o f com p l e t e n e s s , summa rize

the essen t i al prope rties of covariance functions. When we speak

a bout covariance functions here we always have the covariance

function of the disturbing potential in mind.

The general  form of an h omogeneous i so tr o p ic s p a ti al
covar i ance func tion is given by

2

K(P ,Q) 
~~~~~~~~~~~~~~~~~~~~~~ 

, (2-1)

where P , Q points in space ,

~~ r Q . . . mo d u lus  of the ra di us vec tors of P an d Q
Rb . . . rad ius  of the Bjerha m mar s ph ere ,

spherical distance between P and Q ,

P (cos~~).. Legendre polynomial of degree n

k . ..  positive coefficients.n

Because of the product r~ rQ K(P ,Q) is symmetric with respect

to P and Q

K(P ,Q) = K( Q ,P)

and moreover , the solid spherical harmonics guarantee harmonicit l

w i th res pect  to both po ints outside the sphere r = Rb

_ _-_

- V 

V~~~~~~~~~~ ;, - -
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L~~K(P ,Q) A Q K( P~ Q) = 0

One important fact , to which no attention is paid

some times , is the dependence on essentially two variables orly:

thu spherical distance ~ and the product r~ rQ . This property

w i ll b e use d ex tens i vel y i n cha p ter 9 w h en we a pp rox i ma te the
spatial covariance function by a bicubic sp l i n e  f u n c ti on de p en-
dent on these two variables.

Accor ding to the Funck -Hecke formula (Me issl , 1971 ,

p .38) the spherical harmonics are the ei genfunc t ions of an inte-
gral transformation with a distance dependent kernel J (P.Q)

with e i g e n v a l u e s  A~

= x~~~
:nm

~~~~~
} 

(2-2a)

A = 2ir fJ (t )P (t)dt , t := c o s~ . (2—2b)

Taking P an d Q as po in ts  on the un it s p here , the eigenva lues

o f the covaria ni ce function (2-1) are given by

A = 2T ~ k .f P (t)P (t)dt , (2-3)
Jo: 0 a — i

V w h i ch , due to the mutual orthogonal ity of P~ , re duces to

— 

~ k ‘2 3 \ l— 2n+ 1 
— 

/

When all coeff icients k , as assume d at the beginning, a r e
p o s i t i v e ,  then also all eigenva l ues A w i l l  be positive. A

positive spectrum (which is discrete in the spherical case and

— - -  - —--- S
V - 

- - 
~~~~~~~~~~~~~ 

-. ~~~~~ 
-
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consis ts of the eigenva l u e~ ~~),  again , i s a  necessary and

sufficient condition for the positive defineten ~ ss of th e co-
var iance function.

S i m i l a r  re~ a cions as in the sp herical case hold also

for its planar analogue: A homogeneous , isotropic covariance

func tion ‘.~~ich is sym metric with respect to P ari d Q and

harmonic i n the upper half space z 0 is given by

K(P ,Q) fJ (ns)G(n ) ~~~~~~~ , (2-4)

with J (x) . . .  Bessel function of first kind and zero order ,

z~~ z
Q . . . heights of P and Q above the p l a n e

S . . . r i lanar distance between P and Q

frequency

an d th e c o n t i n u o u s  s p ec t r u m

G(n ) fJ (r )s)K (s)sds (2-5)

for  = Z
Q 

= 0 . G ( n ) in equation (2— 5) is the Hankel t ra ns -

form of K (s) , K (s) in (2-4) is its inverse transform (apart

from the spatial dependence expressed by z~ and Z
Q
). As in

th e s p he r i ca l  case , the positivity of the spectrum G (-~) is

a necessary and sufficient cond i tion for the positive de-

f ini teness  of th e co r res p on di ng c o v a r i ance func ti on .

It should be mentioned that all relations written down

i n this  chap te r  are no t new at a l l , b u t  o n l y  an  o u t l  n e of
(Mor itz , 1976). However , for reasons o f continuity , it s e e m e d
to b e wor t h to w r i t e  d own them here aga i n.

- — - —

- V V~~~~~ V~~ -~ V ~~V 
-. - :~~ —~~~~~ - 

V 

-
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3. A pprox imat i o ni of the distance dependent

co v a r i anc I~ function by step functions

A l l  f inite elements share two essential pr operties :

they have a compact support and are there quadraticall y inte-

grab le. The simp lest finite e lem ent is the step functi on which

is constant over some domain and vanishe s outside. A f u n c ti on
consisting of step functions is therefore , apart from the

trivial  case , d i scon ti nuo u s an d as suc h an e lem ent ou t o f
C 1 [D] , the space of all discontinuous functions defined on t P~~
d o m a i n  D . Howeve r , i f t h e  f u n c ti on is q u a d ra t i c a l l y i n t~ —

grab l e , the space  C 1 [0] can be enlarged to K 0 [D] , th 1~
space of al l  q u a dratically integrab l e functions which must t ’~ot

n e c e s s a r i l y be continuous.

3.1 Step function approximation

H e r e  w e de a l  w it h an  app r o x i ma ti on of the c o v a r i a n c e
function by a step function which is naturally an element of

K [- 1 ,1] , the domain of de f i n i t i o n  being the closed interval

[-1 ,1] corresponding to the range of the cosine function.

(We coul d also have chosen the domain [0,-n ] ; however , f o r
f u r t h e r  a pp l ications the dependence on the variable t = costj

is more advantageous.

In order to make such an approximation we have first

to arrange some gr i dding of the interval. It is evident that

there exists an in f i n i t e  number of such interval subdivisions.

We selec t the most natural one with constant grid spacin g equal

to h . Let J be the number of sub i ntervals w ithi n the total

inte rval [-1 ,1] , the n the grid points are given by

t = - 1 + ( j - 1 ) h , j = 1 ,..., J + 1
(3—la)

with h = 2/J
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Now , the step function approximation is perf ormed in
such a wa y that the step hei ght at the grid point t , (w hich
is the midpoint of the step ) is equal to the v alue of the
covariance func ti or at this point. Therefore , t h e set  o f
func t ion v a l u e s , correspondin g to the grid def ined in (3-1),
i s g i ven ~ty

f . = K (t ,) , j = 1 ,..., J + 1 . (3-lb )

F igur e 3.1 illustrates the approxi mation .

- K ( q )

f ( ip)

p ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

F i g . 3 .1 Step fun c ti on ap p rox ima ti on

As state d above , the step functio n is discontinuous and

therefore not differentiable. Consequently, such an a pproxi-

mation can only be use d for one single kind of covariances.
For example , separate a pproximating step func tions have to be
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used for the auto-covariance of the disturbing potential

co v(T 1, .T~~) and for the cross -covariance between the disturbing

potential and the deviation of the vertical cov (T~~~ Q) . This

is certainly an essential disadvantage. An advantage , howev er ,

is the very s i m p l i c i t y  of its expression .

3.2 M axi rn un i app~~ x i ma ti on error

The e s t i m a t e  of the si g na l  and i t s  e r ro r  depends  on the
d i f f e r e n t  au to - and c r o s s - c o v a r i a n c e s  involved. In order to

estimate the influence of incorrect values of these quan t it i es ,

it is necessary to have some information about the approximatio n

er ror. In the case of step function approximation it is fairl y

easy to give an upper bound of this error.

Take the maximum abso lut derivative of the covariance

function to be max K ’ (t) I , then an upper error bound is

linearly dependent on the grid spacing h (if h -* 0) and given

by

ma xjK(t ) - f ( t ) ~ ~ ~~~ 
m ax l K ’ (t) ! . (3-2)

t 2 t

We w i l l  call this upper bound the error norm and denote it by

3.3 Spect rum of the step function approximation

As we have alread y sta ted in the introduction , the

deviation of the approximation function from the exact one g i ves
a good i dea about the intrinsic properties of the approximation

an d therefore about its usefulness.

Ta king equations (2-2b) and (3—1 ) into account , the

el ge n va l ues of the step function app r oximation can be calculated
f r o m

— - — - — —~~ - -

— 

V ~j ; ~~~~- - . V — ~~
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j + 1J+ 1
X = 2rt ~ f . f P ( t ) d t  . ( 3 - 3 )

j = 1 ~ t~3

The integrals occurring he re can be expressed in a closed form

(Meissl , ‘~~i 1 , p .4 6 ) :

j + 1
f P (t)dt = 

2~~÷1[P 1 (x . 1 ) - P 1 (x . 1 ) + P 1 (x .) 
-

— P (x . )]  ,
n+1 j

x-J+ 1
together w it h r P ( t ) d t  = x . - x .

C 
j +1 3

V 

~~~~~~~j + 1
an d f P

1 (t)dt = ~ (x ~~~1 
- x~~)

A very simple example wi l l  demonstrate the principle:
we choose J = 1 , so that the a pproximating step functi on

wi l l  have the form

f (1) for 0 t < 1

f ( t )  =

f (-1) for - 1 < t 0

According to (3-3) the eigenvalues of this simple model are

g iven by

A = 2 [ f ( - 1 )  f P  ( t ) d t  + f ( 1 ) J P ( t ) d t ]

— 

~~~~~~~~~~~~~~~~~~ 
. - . ~~~~~~~~~~
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W ith (3-4) we obtain

A = 2 {f(-1)2
1
÷1 [P 1 (0) 

- P 1 (O) + P~~~~(-1) -

+ f (1)2~~ 1 [P 1 (1) 
- P 1 (1) + P 1 (O) 

- P 1 (O)]}

Let us now d istinguish between even and odd values for n . For

n even , the follow i ng rela ti ons hold:

n even: P (0) P (0) = 0
n+i n-i

P 1 (-1 )  = P 1 ( - 1)  = - 1

= P 1 (1) = 1

Therefore , all eigenvalues A wit h n > 0  and even vanish.

This fact would , until now , a t most allow positive semi—defi-

niteness of the step function , presumed all odd eigenvalues are

non-negative . Now we have s till to investi gate the eigenva lues

of odd degree. For n odd we find:

n odd: P 1 (0) 
= - 

~~~~~~~~~ 

P~~~~( O )  ~ 0

P~~ 1 (-1) 
= P 1 (—1) = 1

P ÷1 (1) = P 1 ( 1)  = 1 .

Consequen tly , we obtain for the eigenvalues of odd degree V

= . !Lr Lf (1) - f( 1)]P ~(O)

- - -— ~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~ — - S
-~ - -

~ 
. - - S ,g_~_~~ ~ - - -._

--  -V
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The express ion in br ackets is positive because of the fact , that
the covariance is always smaller than the variance , K(~.)<K (0 )

~ 0 . Th erefore , the si gn of A depends on the sign of
P~~ 1 (0) . It is not d i f f i c u l t  to give a formula for P

1 (0)

P
1 (0) = (~~~ ) 2 ( ~~~~~~

so that the A finally are g iven by

(2 [K(0)-K ( )] (1 ) n- 1 2 n-i  
f o r  n odd

A (n+1 )  [ —2-— !1 2
1 0 for n even

I t is obvious that the series of odd degre .e 
~ 

h as  a l t e r n a t i ng
si gn . Therefore , this simple approximatior function is not even

positive semi-definite. Fi gure 3.2 demonstrates the behaviour

of the e igenva lues for 2-n- [K (0)-K (n )] = 1 . (The eigenvalue
A = 2ii [K (O)+K (-ir)] . )

0 . 5-  0

0— - - - — —  —- n
5 10

F ig. 3.2 Eigenva l ues of a 2-step function

S . -  I— 
~~~~~~~~~~~~ ~~~~~ .
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Th is ex ample should only explain the p r i n c i p l e ;  the

bigger J (smaller h ) ,  the higher the n of the first non-

positive eigenvalue will  be an d the less wi l l  the eigenval t. es of

the appr oximating f u n c ti on d i f f e r  f rom t h e e x a c t  o n e s  f o r  n r

Some real istic examples are given in chapter 6.

The step func tion approximation of the covariance

f u n c t i o n , however , will never be posit ive definite for h > 0
T h ere fo re , one has to be extremely careful when using such

approx imations.

4. A p p r o x i m a t i o n  of the d i s tance dependen t  c o v a r i a n c e
function by piecewise l inear functions

A better approximation of the covariance function can

be ach ieved by using a piecewise linear function. Such a func-

tion does not have discontinuities as the step function , but
V is continuous over the whole domain D of definition. It is ,

h oweve r , not cont i nuous l y  d i f f e r e n t ia b le , and c o n s e q u e n t l y  an
element of C0[D] , the space of continuous functions defined

on D . Tak i ng i n to cons i derat i on , however , the fac t  that the
firs t derivatives are quadratically integrable , we can en la rge
th e space  to K 1 [D] wh ich consists of functions with quadrat i -
call y integrable first derivatives.

4.1 Piecewise linear approximati on

For the sake of simplicity and for comparison purposes

we take the same gr idding as in the case of step functions.

The grid points are , t he re fo re , given by (3-la) and the corre-

spon di ng func tion values by (3—1~~). Figure 4—1 may illustrate

the approximation.

- - - ~~~~~~~~~ V V~
V
~~~~~ J~ - 

- - V
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f(~ )

Fig. 4.1 Piecewise linear approximation

As stated above , the piecewiselinear function is con-

tinuous. Its derivative is a step function. Consequentl y, si..~ch

an a pproximation can not only be used for one kind of covar ia nces

onl y, but also for such ones which involve at most one den -

vative with res pect to t . For example , approximating the

basic auto-covariance function of the disturbing potential

c o v ( T ~~ TQ) by the pi ecewiseli near function , the cross-covariance

b e tween the di s tur b ing po ten t i al and th e dev i a t ion of  th e
ver tical cov (T~~~~~) can also he der ived by differentiation

and is therefore a step function. Therefore , t he area of a pp l i-
ca tion is already enlarged relative to the step function

approach.

~~~~~~~ - . V V - 
-
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4.2 Maximum approximation error

No t as simple as in the case of step function approxi-

m ation is the estimate of the maximum absolute difference

b etween the p i e c e w i s e  l i nea r  approx i m a t i o n  an d the exac t  func t i on .
It is ev ident that the error wi l l  be zero when the original

funct i on i s l i nea r . Therefore , the cu rva tu re  of the funct i on
w i l l  primarily cause the error .

Le t us concentrate on one subinterval , where we re-

p lace the cova n iance function bya circle having a curvature

equal to that of the covariance function there (Figure 4.2).

_ _ _ _  

h/ 2

F ig. 4.2 Approximation element

The radius of curvature p - of K(t) is given by the well known

f o r m u l  a

r i  r v p , 4 ~ 1 2 1 3/ 2
= ~~~ + L”  ~~ ) J ‘ (4—1 )

W ith (4-1) it is easy to calculate d

d = p ~~~~2 - ~~ ( 1+ K 12 )

V 5 V - - S ~~~~~~~~~~~~~~~~~~ - S ~~ - - 
V -~
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an d w i th ~ = d~~ ÷K I 2 we obtain the error

A = 
~~~+~~~2)

2 
~ ~~~~~~~~ Ku

]2 ) ( 4 - 2 )

Consequently, an upper bound of the error can be estimated by

max l K ( t) - f(t) I max { L1 ( t~~] (1 - 
_

~
K ’ (t ) 12~t t 2 (1÷K ’ (t ) )]

If the product hK ” is small , w e can evaluate the square root

into a Taylor series and neg lect higher terms obta i n i n g

1 -\f~~~~~ 
hK ” 

= h~~K”
2 

2 
+ 0 ( h 4K ’4)

[2(~~~K~ )j 8 ( 1 + K ’  )

Therefor e , the error norm for s u f f i c i e n t l y small hK ’ (t .) is
give n by t h e  simple expressi on

m ax t K ( t) - f(t) I . ~~ m ax ~ V ” ( t )~ . (4-3)
t

The same re sult , derived differently, can be found in (Strang &
Fi r , 1973 .  p. 44 ) .

Let us now e stimate the error of the fi rst derivative.

Since f (t) interpolates K(t) the difference K(t) — f ( t )

is zero at each grid point. Therefore , wi t h i n  each subinterval

there must be at least one point t where K ’ (t’) - f’ (t) = 0.

Considering th at f (t) is linear , K” (t ) - f” (t) = K’ (t ) with-

in each subinterval and we obtain the estimate

m a x l K ’ ( f .) - f ’ (t)I h m a x l K ” ( t ) I  . ( 4 - 4 )
t t

~-- --- -- ~~~~~ — - - 
- -

- V - V - V~ ~~~~~~~~~~~~~~~~~~~~ -
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A mor e careful proof of (4-4) would improve the dependence on

h to h/2.

4.3 Spectrum of the piecewise linear approximation

T h e p iec ew i se l i near func ti on on t h e su bi n terv a ’
[t 3~~t~~~1] is  g i v e n  by

f ( 3 )  ( t )  = ~ a~~~ ( t - t . ) ~
( 4 - 5 )

= ~~~ + a~~~
1 ( t - t . )o 1 3

w i t h  c o e f f i c i e n t s  ~~~ = K (t .o 3

and  ~~~ = ~~[K (t . 1 ) - K ( t )]

On i n t r o d u c i n g  t h e s e  r e l a t i o n s  in to  (2- 2b ) we obtain

t

= 2~~~ ~~~~~~~~~~~ ( t~ t . ) Z
] P ( t ) d t

( 4 - 6 )
t V t V

= 2~~~~~[(a~~~
> - ~~~~~~~ ~~~~~ (t~~ t ~~~~~ ~~~P ( t)tdt].

The expression for the first integral has alre ady been derived

and is given by equation (3-4). In order to evaluate the second

integral we obey from (Hobson , 1965 ,p.38) the general relation

4 

t
t m (t~~

t 
~n~~~~ n+m+ 1) [nP m (t o )P n i (to) 

- mP (t )P 1 (t)

- to (n_m )P n ( t o )P m (t o)] (4—7 )

- — i;~~~~
# S

. - V - - S - - - ~~~~~ 
S~~ -
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which is v a l i d  for n m . Taking into acco unt the fact that
t = P~~(t) , the second integral can be expressed by

t-
j+ 1 1 1

L P (t)tdt = J P  (t )tdt — j

J 3 j + 1

= 
1 { [ n t . P (t . )  - P ( t . )  - t~~( n - 1 ) P  ( t )1

n 2 +n-2  j n—i j ni 3 j n j

- [n t . 1 P 1 (t . 1 ) - P (t . 1 ) (4-8a)

- t~ (n-1)p (t . ) ]  } ,
j+i ri j+i

which holds for n ~ 1 ; for n = 0 we hav e

t-
J + i

P (t) tdt = -~- (t~~ 1 
- t~~)

a n d  for  n = 1

= ~ (t~~ 1 
- t~~) - (4-8b)

The follow i ng exam p le may d emons trate t he pr i nc ip le .

For com parison purposes we choose the same sub d i v i s i o n  as for

the step function case , J = 1 , so that the approximating linear

func tion has the following form :

f(t) = a + a 1 (t-4-l )

wi th a = K (-ir ) and a 1 
= ~- [K (O) — K (TT)] .

-V—- V 
- 

- 
V - . — 

~~~~~~~~ V 
VL -

~~ V -
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Accor ding to (4-6) and (4—8) the eigenvalues of this

s i m p l e  mo d el a r e  g i v en by

A
0 

= 2u [(a0 + a 1 ) fP (t)dt + a 1 J P ( t)tdt ] ,

which , b ecause of t he mu tual ort h ogona l i ty of Legendre p olyno-
m i a l s , gives the simpl e solution

A = ir [K (O) +

A
1 

= ~!E [K(0) - K ( )]

A = 0 f o r  n > 2
0 —

This resul t seems to be as tonishin g a t fi rst s i ght.
How ever , w hen we concentrate a little bit more on it we find it

obvious: The linear function f (t) defined on the closed inter-

val is l inear in t which means that in reality f(t) is a

linea r combination of P (costp ) and P 1 (coslp ) , the Legendre
pol ynomial s of ze ro an d fi rst deg ree . Therefore , t h ere  c a n
onl y exist non-vanishing eigenva l ues of degree zero and one in

agreemen t with our result. The approximated covariance function ,

ho wever , is onl y positive semi-definite. But this is an excep-

tional case; for J > 1 the function is not even positive semi—

definite as wi l l  be shown numerically in chapter 6.

5 . Approximation of t h e  distance dependent

covar i ance funct i on by cu bic spline functions

Spline functions are very useful tools for purposes

of interpolation and approximation. They are widely applied in

al l areas where numerical mathematics enters somehow. The theo-

V 
- - V V ~~~~~~~~~~~ 

- . V
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re t ical b ac k g r o u n d  o f s p l i n e  functions is remarkably deep and
extr emel y i n teres ti ng espec i ally because o f i ts m ini mum norm
and best approxim ation properties making interpolating s p l i n e

functions un ique a l ong all other interpolating function s. We do
not presen t details here; the interested reader may consult
(Ahlberg et .al , 1967), t he standard literature about sp u me

funct ions. Some applications can be found in (Sunkel , 1977).
For the sake of completeness we give a short definition

of a cu bic spline: A function , twice continuously differentiable

on t he whol e d omain , connecting subsequ ent data points by cubic

polynomials and f u l f i l l i n g  two special boundary conditions , i s
calle d an inter pola ting cubic sp l in e. The coefficients of the

cubic polynomials are uniquely determined by continuity conditions

u p to and i n c l u d i n g  the second order derivative. Consequentl y,

the cu bi c sp l i ne is an elemen t o f C 2 [D] . For analogous reasons

as i n chap ters 3 and 4 i t can ev en be considere d as an el ement
of K 3 [D~ , the space of all continuous and twice continuously

differen tiable functions defined on D with quadraticall y inte-

g rable second order derivatives. Within each subinterval its

equation is given by

f ( J )  
(t) = 

~ 
a~~~ (t~ t~ )

Z

2
~
,=o 

-

with a’
~~ = f .1 j

~~~~~ (f . 1-f , ) / ( x . 1 -x . )  - ~ (x , 1 -x .)(f~ ÷ 1
+2f~~)

~~~ 
— f 11 ( 5 - 1 )

3 2 j

(j) — l ( f I I  f I I\ / f  —a4 
— 

~~ j + 1  j~~ 
1~~~j ± l  ~

The second der ivatives {f~’} at the grid points j=1 ,. . . ,J+ 1 are
derived from continuity conditions of first order derivatives.

- -  _~~~~~~V_~ - - - ---~~~~~ ---- -_ - - 
-
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5 . 1  C u b i c  sp l i n e  a p p r o x i m a t i o n

A gain we adopt the same gridding as in the step a I d

linear case. The grid points are , therefore , ~iv en y (3-l i )

and the c o r r e s p o n d i n g  f u n c t i o n  v a l u e s  by (3-ib ). I n o~ d~~r ~ij

g i v e  an i dea  a b o u t  the  p e r f o r m a n c e  of  s p l i n e  f u n c t i o n  a pp ro i --
m a t i o n  we h a v e  d i v i d e d  the whole interval [—1 ,1] into 12

subi nterval s only and have fitted the cubic sp 1 m e  t I the co-
variances at these grid points. Fi gure 5 .1 s~ ows both curves ,

th e ex act covar i ance func t ion and its sp l ine  a p p r o x i m a t i o n .

The naked eye is not able to find a difference between both

c u r v e s .

K(~ )

f(~ )

- 
~~~~~~~~~~~~~~~~~~~~~~ 

-

Fig. 5.1 Cubic sp li ne approximation

As stated above , the cubic spline is twice continu ously

differentiable. Its first derivative is , therefore , a poly-

nomial of second degree which is once continuously differentiable;

its second derivative is a piecewise linear function being not

con t i nu o u s l y di f ferentiable; f i n a l l y ,  its third order derivative

i s  a s t ep  f u n c t i o n  b e i n g  d i s c o n t i n u o u s .  C o n s e q u e n t l y ,  s u c h  a

spline approximation can not only be use d for one k i n d o f co-
v.i r iances as this is the case for the step f u n c t i o n  a p p r o x i m a t i on

--
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or for cov a riances ir i vol v ing one- de n ye w i t h  r e.p ec t to

h u t  for ul l  covariances r e s u l t i n g  fro m at mos t , t h ree  d i f f e r l n-
t i~i t io n s  w i t V h  r e s p e c t  to th e a r g u m e n t  t . f or examp l e , approxi-
m ating the b a s i c  oL t o -covaria nc e f u n c t i o n  of  the d i s t u r b i n g
p o t e n t i a l  cov (T~~ T )  by a c u b i c  s p l i n e , the c r o s s — c o v a r i a n c e s
b e t w e e n

. 2 1
( T ~~~t Q ) (T ~~,

_.-
~
2) , (T n , 

~
) , ( T ~~,-—-~~ ) , ( i.~~~ , - . )

30 ~ 0 >  A - j A 3 > >

I T
(
~~~

, Q ) , 
~~~~~~~~~~ 

and a l s o  the a u t o - c o v a n i a n c e s  
~~~~~IA -

with -‘ denoting the deviation of t h e  vertic a l c~ dnd ri

r es pectiv e ly, can be derived. The area of app licati o n  is , there-
fore , muc h larger t h a n  in t he case of p iecewise linear  app roxi-

ma t i  or >

5.2 M ax imu m ~~ p p roximatio n error

It is  r iot  a simp le task to estimate th l m a x i m u m  app roxi-

mation er nV o r for cubic sp u m e  fun ction s .The e s t i m a t i o n  is

s t r o n g l y dependent on the continuity cl~~ss of the f u n c t i o n  s p a c e
of  which the original function is an e l e m e n t . Here W e have  t o
approximate the covariance function whi (h i s  i r f i n i t e ly o f t e n

conti n uously d i f f e r e n t i a b l e .  However , we sha l l  r elax this

proper ty  and con te n t ourse lves with a lower f u n c t i o n  a p a c e .
In ( A h lh e r g  e t . a l ., 1967 , p. l9 f f . )  we find l e n g t h y

derivations of such maximum approximation errors f > r  d i f f e r e n t

cl a sses of func ti ons. We are not going to rederive the formulas

given there and present only the result specified to our cd se:

When K ’ (t ) satisfies a Hci ld e r cor-idi t io n of order

(0 - 

~ 1 ) on [ — 1 ,1]

K” (t) - K”( t ’ ) I A~ ~~~~~~~ 

I (1

- -- - 5-- -- —5-
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which is for the covariance function t r i v i a l l y  true for ci 1
a n d  A = m a x i K ”(t)j , then i t can be shown tha t  the a p pro x i-
mation error of the third derivative can be estimated by

max~ K” (t) - f”(t)~ < Slh max I K ~~
’(t) I . (5-2a)

A pp ly ing the theor em of Rolle we can fur thermore est i mate th e
max imum approximation errors for lower order derivatives and

t he f u n c t i o n  it s e l f :

n i ax I K ” ( t) - f” (t )I < ~ .51h 2max I K ~~ (t)~ , (5-2b)

max~ K’ (t) - f’ (tfl <~~~- 51 h ~ max I K ”~(t )I , (5-2c)

m a x j K ( t )  - f ( t ) j  ~ .5 1h 4
max j K~~~( t ) I  . ( 5 - 2 d )

It is q u i t e  i n t e r e s t i n g  to compare  t h i s  r e s u l t wi th

the step function and piecewise linear function estimates. The

erro r of covariance function approximation depends on the

fourth power of the grid spacing and linearly on the fourth

d e r i v a t i v e  of  the  covariance function. Consequently, com p ar i ng
( 3 - 2 ) ,  ( 4 - 3 )  and ( 5 — 2 d )  we can g i v e  the f o l l o w i n g  ru le  of
thumb: If the approximation function is an element of K [-1 ,l]

the maximum approximation error depends on the (~~*1)th pow er
of  the g r id  s p a c i n g  m u l t i p l i e d  by th~ max imum absolut e val ue

of the (~i+ 1 )thorder derivative of the covariance function.
Each  d i f f e r e n t i a t io n , if  it exist s , decreases the dependence

to one power  of the g r i d  s p a c i n g .

- -_ _ _ _ _  
-
~~ 
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5 .3 The s pectrum of the cu b ic sp l i ne  a p p r o x i ma ti on

T h e cu b ic sp li ne functi on within each sub i nterval is

given by equation (5-1). T e  Fourier coefficients are the

result of the projection of the sp l ine onto the set of Legendre

polynomia l :. We introduce (5-1) in to  ( 2 — 2 b )  and o b t a i n

J 
~~~~~+ l  3 V

A n 
= 2ir ~ f [ ~ a~~~ ( t- t .  )

~~ 
P (t)dt . (5-3)

j=1 t ~=03

Expressing powers of t i n  te r m s  o f L e g e n d r e  p o l y n o m i a l s  we ge t

~~ 
t

1 a~~~
1

A = 2~~~~ {f  P (t)P (t)dt ~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~ -ar t .]

J+ 1 V - V - 3 -+ 5  P ( t ) P 1 ( t ) d t  ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

(5 3 ) ’
+ 5 P ( t ) P 2 ( t ) d t  [4 ~~~~~~~~~~~~

3+1 -+5 P (t)P 3 (t)dt 4 a~
3
~

In this formula all integrals for m > 3 can be calcula ted

accord ing to ( 4 - 7 ) .  The i n t e g r a l s  w i t h  n < 3 have p a r t l y  a l r e a d y
been calculated. Summarizing we obtain:

t-
j+1f P ( t ) P  ( t ) d t  = t . — t ,

0 0 j + 1  j

j
tj+1 1 2 25 P (t)P 1 (t)dt 

= .~(t .~~1 -t .)

3

V -
~~~~~~~ 

-_ _ _

- - - —_______ 
- S . - - - - -
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t
j+i

5 P (t )P 2 (t)dt = ~ (t~ - t 3 - t +t
0 j+1 j j+1 j

t
: 1  j

t
j+ 1 1 5 t 4 -t 4 ) - ~~(t

2 -t 2 )1I ~ ( t ) P 3 ( t ) d t  = ‘~[~4-( j+1 j 2 ~÷i ~
0

t V

J
t
j+1 

I(t~ -t 3 )I P 1 ( t ) P 1 ( t ) d t  = 3 j + i  ~t
I

t
j+i 1 ~ t 4 -t 4 ) - (t 2 -t 2 )~I P 1 (t ’)P 2 ( t ) d t  

~~~ ~~~~~ j  j+1 j
t

I
t j.+1

J P 1 ( t ) P 3 ( t )d t  = ~~[(t~ -t 5 ) - ( t 3 -t 3 )1
j+1 j  j+1 j

3 (5-4)
t
j~~1 1r9 

~
5 - t 5 ) - 2 ( t 3 - t 3 ) ÷ (t  -t )]S P (t)P 2 (t)dt -

~
.L
~
-( 

j +1 j j+1 ~ J+~ ~
2

t .3
t

P2 (t )P3 (t)dt 
= ~~~[ 5 (t

6 -t 6 ) - 7(t4 -t~
1 ) + 3 ( t 2 -t 2 )]

j+1 j j+1 j 1+1 1
3

t
1+ 1 

~~[~~~(t ~ - t 7 ) - 6(t 5 -t 5 ) + 3 ( t 3 -t 3 )]5 P ( t ) P  ( t ) d t  =
3 3 j÷1 j j+1 j j+1 j

As in c h a p t e r s  3 antI  4 we a l s o  g i v e  here a s imp l e

j

examp le .  We choose  J = 1 and a p p r o x i m a t e  the c o v a r i a n c e
func tion on the whole interval [— 1 ,1 1 by a s i n g l e  po l ynom ia l
of th i rd  d e g r e e .  In order  to d e t e r m i n e  i t s  four c o e f f i c i e n t s
uniquely we need , a part from the function values at the end-

points of the interval , two additional imformations about the

p ol ynom i al.
Since the polynomial is of third degree in t , i t  i s

a l i n e a r  c o m b i n a t i o n  of Legendre  p o l y n o m i a l s  P ( t )  , P ( t )
0 1

P2(t) and P 3(t) . The Fourier coeffi cients of this approxi-

ma tion result from the polynomials projection onto the set

__________________________________________________— —— — - _V -- - ~~~~
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t P 0(t)} , n 0,1 .  Therefor e , we can already a nticipate

the behaviour of the eigenva l ues: the eigenva lues up to and

in c l u d i n g  degree 3 w i l l  in general be different from zero , all

others w i l l  vanish.

We approximate the covariance function by the cubic

p o l y m o m i a t  for two different boundary conditions; a) for first

order derivatives prescribed and b ) for second order derivatives

g i v e n  -

Le t us now di scuss p ol ynomial (a):

The coefficient s of the polynomial are uni quel y detern iined by

K (1 ) , K (- 1) , K ’ (l ) , K ’ (-l ) . At t h i s  p o i n t  we must  be care-
ful not to put K’ (1) and K (— 1) equal to zero : dK (q) /d >~ is

zero at ~ = 0 and ~ = i~ , but dK (t)/dt does not at al l

vanish at the corresponding points t = -1 and t = 1 . Taking

this fact into account we obtain the following coefficients:

a
~ 

= ~~[K (1) ÷K (-1)] -

= ~~[ K ( 1 ) - K ( - 1 ) ]  - 

~~L K ’ ( 1 ) + K ’ ( - 1 ) 1

a 2 
= ~~LK 1 (1 )~~K 1 (~~1)1

a 3 = ~~[K’ (l)+K’ (-1)1 
- ~ [K(1)-K(- 1)]

The projection of the polynomial onto the Legendre polynomials

gives the ei genvalues

A = 21T{[K (1)+K (-1)] -~~~[K’(1)-K ’ (-1~~

A 1 =~~-~{6[K (1)-K (-1)] - [K’ (i)+K’ (-1)]1

A 2 =

- 5V_ — ,5_ ~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
V - ~VS __ _ ._ -__.__- - ——-----— -V-—-—----
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A = - [ K ( 1 ) - K ( - 1 ) ]  4- [ K ’  (1)  + K ( - 1)]

For th e case of model 2 covariance func ti on (Tsc h er r i ng ,
1976) we have calculated the approximating polynomial which is

presented in Fi g u r e  5 . 2 .  By f o r c i n g th e p ol ynomial to cpro duce

the first derivative at t = 1 , we notice right away the poly-

nom ials revenge: it produces much too big curvatures at t = 1

and , moreove r , it dips into the negative so much that one of

the most  e s s e n t i a l  c o n d i t i o n s o f  a c o v a r i a n c e  f u n c t i o n
K (t) ~ K (1) is not satisfied anymore.

K(~ ) 

F i g .  5.2 Cubi c polynomial approximation; bound ary

condi tions: first derivatives at the endpoints

Polynomial (b ) ba sed on function values and second

derivatives at the endpoints has even wilder features. The

reason is that D2 K~ 1 is very big; therefore , it has a strong

influence and con trols more or less the behaviour of the poly-

nomia l  ove r  the w h o l e  d o m a i n .  The c o e f f i c i e n t s  are  g i ven  by

S V S — _
~~~•V - -— -—- — - — —5— — — -

S - - V 5 ~~~~~~~~~~~~~~ - ~~~~~~~ ‘ ~~~~~~‘~~~‘ S ’ V5~
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a =~~~ K(1)+K(-1)j -~~~LK” (1 )+K” (-1)i

a 1 = ~ [K(1 )-K(- 1 ). -

1 r IIa 2 = 
~~L

K (1)+K (-1)]

for the e i g e n v a l u e s  we obtain

A = 2 {[K (1)+K (-1)~ -

A
1 

= ~~~ [K (1)-K (-1)] - ~~ [ K h 1 ( 1 ) ~~~K h1
(~~~ 1~~~~

A 2

A
3

I ts behaviour is demonstra ted in Figure 5.3 (note the scale ) .

S 

K(~~)

0.01 0.02 0.03

Fig. 5.3 Cubic pol ynomial approximat ion; boundary

condi tions : second derivatives at the endpo ints

- — - 
. S

~~~
V S V
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It should be pointed out once more that all th ese S

simple a pproximations to the true covariance function c o n s i d e r e d
w e r e  o n l y  p r e s e n t e d  in o rde r  to g i v e  an idea abou t  i t s  f e a t u r e s ;
nobody, h oweve r , is invited to use them. In any case: conose J biu l

6. Perturbation of the spec trum of the covariance functi on

V e r y  i m p o r t a n t  f o r  a l l  a p p r o x i m a t i o n s  is  the q u e s t i o n ,
how much the spectrum is d i s t u r b e d  r e l a t i v e  to the e x a c t  one
and what is the degree of the first v a n i s h i n g  or negative eigen-

v a l u e .  E v i d e n t l y ,  the e i g e n v a l u e  b e h a v i o u r  d e p en d s s o m e h ow on
the degree of approximation. For comp arison purpos cs we give

the relative eig e nva l ue perturbati on q defined by

: =  1 - S5~
_

with p ... exact e i g e n v a l u e ,

A ... 1 -i ge n v a l u e  of the approximatin g function

V for the appro ximation models considered here (Figure 5.4). The

c o v a r i a n c e  f u n c t i o n  c h o s e n  is  a g a i n  the m odel 2 cov a riance

func tion of the disturbing pote nti al taken from (Tsch e rning, 197 6).
The sub d i v i s i o n  number J was set equal to 50 , so that each inter-
val h as a len ght of fV~~~ 3°6

Let us discuss the diagrams shown in Figure 5.4 a l i ttle
bit more in detail:

a) The perturbation o f  the spectrum of the step function approxi-

ma tion seems to be strange from two points of view when compared

wi th the others. Firstl y ,  i t differs significantly as far as the

high bulge in the low to medium frequency range is concerned

and , secondly, it shows osc il l a t i o n s  of high frequency over the

whole range. Bo th p henomena are due to the sim p l i c i t y  of the

- , V - ~~~~~~ ... ~ :
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e l e m e n t , the d i s c o n t i n u i t y  of  the s t ep  f u n c t i o n .  The bul ge re-
f l e c t s  the f a c t  t ha t  the ap p r o x i m a t i o n  r e p r o d u c e s  l o w  degree
ei g e n v a l u e s  r e a s o n a bl y, however , the hi gher the frequency rh :

bigger is the perturbation. From a cer tain degree on , which is

approximately 65 for J = 50 subintervals , the eigenva l ues a c

com p l e tel y falsified. The high-frequent and small a mplitude

o s c i l l a t i o n  of the s p e c t r u m  comes also from the discont i nuity

of the approximating function. it is , e s s e n t i a l ly ,  the “ G i b b s -
p h e n o m e n o n ” , well known from mat hematics. It o c c u r s  when d i s -
con ti n u o u s  f u n c ti o n s  a r e  p ro jec te d on to smoo t c fu n c ti o n s . The

higher J the better wi l l  be the approximation of the true

c o v a r i a n c e  f u n c t i o n .  C o n s e q u e n t l y ,  the a m p l i t u d e  of the bu lge
w i ll b ecome smalle r , its maximum wil l  be shifted to the higher

f r equency  range and the amp l i t u d e  of the G ibbs  o s c i l l a t i o n  w i l l
d e c r e a s e .  A l l  c o n s e q u e n c e s  are  i n v e r s e  when J becomes sma fler.

(Compare  F igure 3 . 2  fo r  J = 1

b ) The linear approximation is already much better than the step

f u n c t i o n  ap p roxima ti on resul ti ng i n a rela t ivel y l o w  b u l ge. F r o m
deg ree  75 on for  J = 50 the p e r t u r b a t i o n  of the e i g e n v a l u e s ,
h o w e v - r , i n c r e a s e s  r a p i d l y .
c) The cubic spline function approximation keeps the pertur-

ba ti on qu ite lo w over a w i de fre q uency range , a pproximately up

to degree n = 100 for 1J = 50

So f a r  ~e have consider ed the absolute perturbation of

the spectrum of the covari a nce function. However , because of the
n o n - p o s i t i v e  d e f i n i t e n e s s  of a l l  th ree a pp r o x i m a ti on f u n c ti ons
the spectrum w i l l  not be positive over the whole range. From a

certain degree on the eigenvalues become negative and start to

osc i lla te cons id er a b l y around zero. Figure 5 .5  gives the de—

pendence of the degree n of the first negative eigenvalue on

the number J of sub i nterv a ls.

S S S 
V~~ -- -~ ~,
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n

100 sp u m e  l inear step

50 ~

0~~~~~ I - ~~~~~~~~~~~~~~~~~~~~~~~~~ J
50 100

F i g. 5.5 Degree  of the f i r s t  n e g a t i v e  ei g e n v a l u e

d e p e n d e n t  on the numb er 3 of s u b i n t e r v a l s

A ga i n , we obey the quality of the sp l ine approximation compared

w i t h  the two o t h e r s .  It is  q u i t e  i n t e r e s t in g  tha t  the d e p e n d e n c e
is practically linear in all three cases.

S u m m a r i z i n g ,  the f o l l o w i n g  c o n c l u s i o n s  can be d r a w n :
The perturbation of the spectr um (of the ei genv al u es , of the

de gree variance model ) depends strongly on the smoothness of the

approximat i ng func ti on an d on th e num ber 3 of su bi n tervals
chosen . Moreover , this dependence is almost li near (at least in

the frequency range considered here ). The following relations

are ru les  of thumb and g i v e  an idea a bou t  the qual i ty of

a p p r o x i m a t i o n s  in the s p e c t r a l  d o m a i n .

I 5 -__ -. ~~~~~~~~~~~~ 
—__________________________________ - - - - _________
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Reasona bly small perturbation of the spectrum:

s te p f u n c t i o n  . . . n = 1.3 3
p i e c e w i s e  l i n e a r  f u n c t i o n  . . .  n = 1.5 3

c u b i c  s p l i ne fu n c t i o n  . .. n = 2 3 -

Degree of first negative ei genvalue de p en den t on the num b er 3
of s u b i n t e r v a l s :

s t e p  f u n c t i o n  . . . n = 1.3 3
p i e c e w i s e  l i n e a r  f u n c t i o n  . . .n = 2 3
cub i c  s p l i n e  f u n c t i o n  . . .  n = 3 3

So far  we have  s t u d i e d  the p e r t u r b a t i o n  of the s p e c t r u m
o f the g lo bal covariance function; for this purpose it was

advan tageous to consider the approximating function as depen i ent

on the powers  of t = cos > p . T h i s  c h o i c e  made i t possi b le to
c a l c u l a t e  the s p e c t r u m  w i t h o u t  numer i ca l  i n t e g r a t i o n .  Howeve r ,
for applications (especiall y for l o c a l  o n e s )  it is more appro-
priate to change the independent variable from t to ~p i tself.
The ma in  a d v a n t a g e s  a r e :

1.) The f u n c t i o n  is now symmet r i c  w i t h  r e s p e c t  to ~ = 0
2. ) A c o n s t a n t  g r id  s p a c i n g  c o r r e s p o n d s  to c o n s t a n t

physical distances between gridpoints . (The mapping

t = cosrp maps an e q u i s p a c e d  ~p—mesh  onto a non-
equispaced t-mesh , and i n v e r s e l y ,  the i nve rse
ma p p i n g  >~ = a rc  cost maps an equispaced t—mesh

on to a non-eqispaced ~-mesh wh ich has disadvantages

for prac tical applications.)

3 . )  Using a cubic sp l ine repesentation of the covariance

funct i on , the spl i ne sub jecte d to the boundary
con ditions D2 K (rj ) at the endpoin ts , because of -
i ts symmetry with respect to r4~ = 0 , can eas i ly be
made to have a vanishing first derivative D K(~~)

S 
- - ~j~5 . 5 - . . ~ V
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at t~ = 0 . T h i s  f a c t  h a s  v e r y  i m p o r t a n t  c o n s e q u e n c e s :  The

~-depende n t sp u me c a n  be d e f i n e d  in s u c h  a way  t h a t  i t  e x a c t l y
repro d uces the var i a n ce , the v a n i s h i n g  first derivative at

-
~ 

= 0 , the curvat re at Vj 0 and practicall y also the corre-

lation length of the covariance function considered. These arc

p r e c i s e l y c he e s s e n t i a l  p a r a m e t e r s  of  a c o v a r i a n c e  f u n c t i o n
(Mor itz , 1976) which control the prediction and , therefore ,

s h o u l d  not be c h a n g e d  by an a p p r o x i m a t i o n  p r o c e d u r e .
Not a l l  of t h e s e  r e q u i r e m e n t s  are  m e t  by the t-sp l i n e

w h i c h  is , c o n s e q u e n t l y ,  i n f e r i o r  to the ~- - s p l i m e .  For t h e s e
reasons we shall work in the sequel with the sp l i ne , dependent

on the i ndependen t  v a r i a b l e  ip . N e v e r t h e l e s s , it s h o u l d  be
men t i oned  tha t  the t - d e p e n d e n t  s p l i n e  as w e l l  as the u i -depe nd e n t
sp l ine a p proximat i on ca n b e ma d e ar bi tra r il y close to the exac t

c o v a r i a n c e  f u n c t i o n  when the g r i d  s p a c i n g  t ends  to z e r o .

7. Spectra of covariance function ap pro x imations in the p lane

Many app l i c a t i o n s  o f c o l l o c a ti o n a r e  l o c a l  an d no t

g l o b a l .  In such  a c a s e  it is c o n v e n i e n t  to approximate the

t e r r e s t r i a l  sphe re  locall y by a p l a n e  and to use p l a n a r  equi-
v a l e n t s  to the covariance funct i on defined on and above the

sphere. The cov a ri ance function , w h e n  c o n s i d e r e d i n t he p la n e ,
i s d ep en d ent on th e Eucl i dean d is tance s b etwe en two p oints
P and Q

K(P ,Q ) = K (s)
________________________ 

( 7 — 1 )

w i t h  s =~~~(x p _ x
Q ) 2 

+ (y -y ) 2

Its e x t e n s i o n  in to  the h a l f s p a c e  z ~ 0 is  g i v e n  by ( M o r i t z ,
1976 , p . 7 )

V
. - V V - . - - -
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— f l ( z  +z
K(P ,Q) = JJ (ris)G (n)e ~ ~

with z~~, ZQ 
. . . z-coordinates of P , Q

3 (ris) . . . Bessel function of first kind and .~ero or de r
0

G(n ) . . . Hanke l transform of K

G (q) is defined in chapter 2 .

In com p le te analog y to the sp herical case , positive

d e f i n i t e n e s s  of the f u nc t i o n  K is  e q u i v a l e n t  to a p o s i t i v e
spectrum G (n ) for all n > 0 . The formul as of the approximating

func tions (step function , piecewise line ar function , cu bi c sp l i r e
f u n c t i o n ) are e x a c t l y  the same as in the s p h e r i c a l  c a s e .  The
v a r i a b l e  t , h o w e v e r , has  to  be rep l a c e d  by s ( the distance

in the p lane z = 0 ) :

f(s)~~= ~
(7-2)

w i f .h L = 0 . . . step function

L = 1 . . . p i ecew i se l i near func t ion
L = 3 . . . cubic spline function.

(k refers to the subinterval considered. )

We w i l l  now investigate , sim ilarly as we did before in

th e sp herical case , how much the sp ec t rum of th e a pp rox i ma ted
cova riance function differs from the exact one. Since the Hankel

transform G (n) is the spectrum of the isotropic covariance

function K (s) considered here , we woul d h ave to ca l cula te
G ( q )  . The p o s i t i v i t y  of G ( n )  is n e c e s s a r y  and s u f f i c i e n t  for
the positive definiteness of K (s) . A w e a k e r  c o n d i t i o n  w h i c h

must be fulfilled by K(s) is the p os itivity of its Fo u rier

t r a n s f o r m

-- - - ~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~5- ——---S-~~~~~~ -5-5 - -5



35

= JK (x )cos(wx)dx , ( 7 3 )
()

taken along an arbitrar y straight l i n e  in the horizontal plane

z = 0 . Since all homogene ous and isotropic covariar i ce functions

in the plane z = 0 are also homogen e ous on any straight line

i n z = 0 , from the pos i t i v i t y  of the Hankel tr ansform 6 (n ) 0

automatically results the positivity of the Fourier tr ansform

The re fore , F (w ) > 0 is a necessary condit ion for a

positive definite homogeneous and isotropic function in the

p lane z = 0 . T h e  q u e s ti on , whether F(w ) 0 - is also a

sufficient condition , was put in (M oritz , 1976 , p.1 4). Let

us try to give an answer.

7. 1 Conditions for positive definiteness of a homo geneous and

isotropic covarianc e function

The geodesist (i n c l u d i n g  the author) is probably more

famil i a r  with Legendre polyn omials than with Bessel fonct i ons ,

a n d , s i n c e  he is usually working on the sphere , also with a

d i s c r e t e  s p e c t r u m  than  w i t h  a c o n t i n u o u s  o n e .  Therefore , we first

in ves t iga te t h e  sp heric a l case and la te r on t he p lana r one .

7 .1 .1 S p h e r i c a l  c a s e :  the discrete spectrum and the Fourier

coefficients

T h e  h o m o g en e o u s  a nd i so t ro p ic c ovari a nce func t io n ,

considered on the uni t  sphere , has the form

K (t) = 
~ 

kn Pri (t) (7-4)
n 2
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w i t h  p o s i t i v e  c o e f f i c i e n t s  k~ . The spectrum of K(t) results

from i ts projection onto the set of Legendre polynomials

(c f. (2-2b) )

c = JK (t)P (t)dt (7-5

with t := cos~ , ~~. . . sp herical distance.

Due to the mutual ortho gona l ity of Legendre polynomials we obtain

2C = 2n+1 k , (7— 6)

which i s , apar t from the constant 2-it , the eigenvalue of t h e
covar i ance function K (t) . Sinc e k was assumed to be positive ,

also c is positive. The positi vity of all c is , consequently,

a necessary and suf ficient condition for a homo geneous and iso-

tro pi c covar i ance func ti on on the unit s p here .

The question is , w hether also the positivity of all

Fo u r i er c o e f f i c i en ts

f = fK (~~)cos(n~~)d~ (7-7)

is a nece s s a r y  and s u f f i c i e n t  c o n d i t i o n  for a homogeneous and

isotro pic positive definite functi on. (The projection of K(~p )
on to sin (n I 9 ) is zero because of the symmetry of K (~~) wit h

respect to the origin ~p = 0 . )  Tak i ng in to acc ount the fact
that

cos (n p ) = cos (n •arccost ) = 1 ( t )  ( 7 — 8 )

is the Chebyshev polynomial of first kind and order n , and

_____________________________________________________________
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observing that

dtd~ — - _ _ _ _ _ _

~~1V ~t
L

the Fourier coefficient f can be written in the following
n

form :

1 K ( t ) T ( t )
~~~ 

_ {  i~t2 
dt (7-9)

S i n c e  the inner  produ ct of Cheby shev polynomials of first kind

is  d e f i n e d  by

iT (t)T (t)
<T ,T >  dt

w ith the non-negative wei ght function (1- t )
_ 1/ 2  

, the r igh t
hand side of equa tion (7-9) is exactl y the projection of K (t)
on to the C h e byshev polynomial 1 (t) . Formulas (7-6) an d (7-9)
a r e  i n d e n t i c a l ; th e r e f o r e , the Chebyshev coefficient f from

(7-9) is identical with the Fourier coefficient f from (7-7).

Exp l i c i te ly  w r i t ten , the Fourier (or Cheb yshev ) coe fficients of

t he covariance function are given by

1 [ 2
k
~~~ V(t)]T n (t)

• 
f = f  

~~~~ 
dt  . ( 7 - 9 ) ’

This equa tion is a lin k  and allows an insight into the relation

between the spectrum c of the covariance func ti on , given by

eq.  ( 7 — 5 )  and i t s  Four ie r  c o e f f i c i e n t s .  A l l  we have  to do is to
find a transformation between Legendre and Chebyshev polynomials.

_ _ _ _ _  - -- --- -- - -5- V — -5--
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T h i s  t r a n s f o r m a t i o n  can e a s i l y  be found by expressing

the Legendre polynomials in terms of powers of its argument t

and then , by expressing the powers of t in terms of Chebyshev

pol ynomials (Davis , 1975 , pp.3 69—372 ):

P = T
0 0

P 1 = T 1

P2 = ~~(T + 3 1 )
0 ( 7 - 1 0 )

P
3 = -~ (3T 1 

+ 513 )

P4 = ~-~ (9T + 20T 2 + 35T 4)

P
S = .r~~

(30T + 35T 3 + 63T 5 )

(T he clever reader will  find that equation (1—58’) in (Heiskanen

and Mor it z , 1967) is exact ly this transformation. ) Taking these

r e l a t i o n s  into accoun t , we can e x p r e s s  the c o v a r i a n c e  f u n c t i o n
K(t) in ternis of Chebyshev polynomials

K (t) =~~~~d~~T (t) (7-11)

w i t h  c o e f f i c i e n t s  { d  } w h i c h  c an be r e l a t e d  to the spec t rum
{ c }  . Taking into account the orthogona lity of the Chebyshev

polynomials with

2it for n m = 0
<1 ,T > = ii for n = m ~ 0 , ( 7 - 1 2 )

n m
V 0 e l s e

-5——— V ~~~~V5- V_S~~~ 5_S ~~~~~~~~~~~~~~~~~~~~~~~~ —- - -—- — - - - -
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we can r e l a t e  t h e coef fi c ien t s d to the Four i er coe f f i c i en t s
and obtain , after substitution of (7-11) into (7—9)

f =~~~ d~ <T~~,T >  (7-13)

rin d for n ~ 0n

1 2 n d  f o r  n = 0
0

T h e r e f o r e , the coefficients d in (7—11 ) a re , apar t  f rom the
cons tant factor -it , id en t i ca l  wi th th e Four i er coe f f i ci en t s f

Comparing (7— 11) wit h (7—4)

K (t) =~~~~d T ( t )  =~~~~k P (t ) , (7-14)

we find with the help of the transf ormation (7—10)

V 

P ( t ) 
m~ o

a
~~

Tm (t) (7-10) ’

the desired relation between k~ (c , respectively ) and

(f , res p .):

d (7- 15)

or in matr ix notation

d = A k

--5 ---— - . -~~ - - -- - - S - - _ _ _ _ _-  -
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d ) -

- 

0 0 4 0 ~~~ . . .  k . ( 7 - 1 5 )

d 3 0 0 0 .
~ 0 . . .

d4 0 0 0 0 .
~4 . . .

W f stated at the beginning that the positivity of all

n 2 ,3 ,.. . guarantees the positive definiteness of the

cov ariance function given by (7-4). Since all coefficients of A

are non-negative and by (7— 6) naturally remain non-negative

when we use the spectrum {c } instead of {k I , all Fourier

coe f t i c i e n t s  are positive when all c~ are positive. The refore ,

the p os iti v it y of th e Four i er c o e f f i c i en t s is a n e c e s s a r y con-
dition for the positive definiteness of a homogeneous and iso-

t r o p i c  f u n c t i o n  on the sphere .
In order  to f i nd  an answer  w h e t h e r  t h i s  c o n d i t i o n  is

a l s o  s u f f i c i e n t , we need the i n v e r s e  of the m a t r i x  A . It is
ver y simple to find the inverse: recall that A is the matrix

transforming Chebyshev polynomial s in Lege ndre polynomials; conse-

quently, A 1 is the matrix transforming Legendre polynomials

i n C h e by s h e v  p o l y n o m i a l s

T (t) 
m~o

’Pm (t) , (7-16)

V - S S .‘- - —
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exp l i c i t e l y w r i t ten

T = P
0 0

T
1 = P

1

1
2 

= 
~~~

( -  P0 + 4P
2) (7-16)’

T
3 = ~~ S (  3P 1 + 8P 3 )

1
4 = 

~~~~~~~~~~~~~~ 

7P - 80P 2 + 1 9 2 P 4 )

T
5 = -~4 ( — 9P 1 - 56P 3 + 128P 5)

Subst ituting these relations into (7— 14 ) we obtain in analogy to
V ( 7 - 1 5 )

k 
m~~~n~~~~~~~~~~

m 
( 7 - 1 7 )

k = A ’d

[ 1  
0 

~ : 

- h~ r d i
k 1 0 1 0 -

~~~~~ 0 . . .  d 1

0 0 0 - . . .  d 2 ( 7 - 1 7 ) ’

I 

0 0 0 -~~ 0 . . .

k 4 0 0 0 0 ~~~~~~~~~~~~ d 4

- -  - V - 5 V V~~~~ S_~~~~~~~~ S - -_ _  - - — —5— - - - -  -
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The two matrices A and A ’ are in ter esting because

of some s i m i l a r i t i e s :
a) both have upper triangular form , t h e r e f o r e , t h e ma i n d i a g o n a l

e l e m e n t s  are i n v e r s e  to each  o t h e r .
b ) their sum of column elements is constant and equal to 1;

t h e refore , the following relation holds:

=

c) the elements have alternating the value ze,o and non-zero ;

conse q uent l y , the eve n k~ d e p e n d o n l y on e v e n  d , odd

k de p en d o n l y  on o d d d , an d vice versa.

However , apart from th ese s i m i l a r i t i e s , there is an

essential difference between A and A~
1 : all of f-diagonal

e l e m e n t s  of A 1 are zero or ne gative. Therefore , the positivity

o f a l l  d d oes , i n g e n e r a l , not guarantee the positivity of

all k and we can state the following:

The positivity of the Fourier coeffi cie nts ofa homogeneous

and isotro pic function on the sp here , ta k en a l o n g  an  a r bi t r a r y
g rea t c i r c l e , is a n e c c e s s a r y  but not a su f f i c ien t  cond i t i on for
the posit ive definiteness of the function considered.

According to (7-17) ’ t h e set  {d } has , apart from its

posi tiv i ty , to fulfil the following condition in order to

g u a r a n t e e  the p o s i t i v e  d e f i n i t e n e s s  of the homogeneous and iso-
t r o p i c  f u n c t i o n  on the s p h e r e :

— a 1
~
- n+2kd -, 

~. 
d . 7 -18

n -1 n+2k
k=1 anfl

- -  S S~~~~ — S  - — —- S
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7 . 1 . 2  P l a n a r  c a s e :  the c o n t i n u o u s  s p e c t r u m  and the F o u r i e r  t r a n s -
form

The fact that a positive Hankel tr ansform causes a

positive F o u r i e r  t r a n s f o r m  w a s  a l r e a d y s t a t e d  at  the be g i n n i n g  of
this chapter and prov for ~hc spherical case b y (7-14)’ . I t
can na tura l l y be expected that s i m i l a r  r e l a t i o n s  a l s o  ho ld  for  the
p l a n a r c a s e , ther efore , we wil l  not give a detailed derivation

here . Howev er , t h e i n v e r s e q u e s t i o n , whether a positive Fourier

t rans form gua r an tees a p os iti ve Han kel t rans form see m s to b e o f
some in terest.

We ar e a l w a y s  conce rne d w i t h symme t r i c func t i ons  an d ,

t h e r e f o r e , the Fourier transformation reduces from

F (U) = 5K (s)e~~~~ ds 
V

to

F (w) = JK (s)cos(w s)ds , 
V 

(7-19)

wi th K (s) . . . function to be transformed

s . . . distance

frequency . -

Because of the symmetry , equation (7-19) can be further s implified to

F(w) = 2 f K(s) cos (ws) ds. (7-19) ’

In the sequel we shall use the first derivat ive of the Fourier transform

wh ich is simply g iven by

F ’ ( w )  = 
dF (w ) 

= -2 1 K ( s )  s in  ( w s )  sds .  ( 7 - 2 0 )
dw

In order t o ob ta i n  an i n teg ra l  r e p r e s e n t a t i o n  of the B e s s e l

f unc t i on  of f i r s t  kind and zero order 3 0 ( x )  in terms of a t r i gonomet r i c

S . : ,.  
~~~~~~~~~~~
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func tion we have to take advantage to Bessel functions of third kind d n -J

zero order which are also referred to as Hanke l functions (L ’bedev , ~~~6r ,

p. 107 f f )

H~~~~~( x )  + H 0~~~~(x) = 2J 0 (x ). (7-21 )

The corresponding integral representations are given by

H 0~~~~( x )  ~~ f e C 05
~~ d L (7-22a)

H 0~~~~(x) - f e~~~
c05

~~ d t 
V~~ (7-22b)

Observing (7-21) we can with the help of (7— 22a ,b ) derive the in teq r~ l

representation of the Bessel function of fir st kind and zero order

— 1 5: , ixC os h~ —ixc os h~J o ( x )  — 

~
-ç--- 

~

. ~e -e ) d t

Using the identity

s in (y) = 
2 1 (e -e~~’) ,

th e ex p r e s s i o n  ab ove can be s im p lif ie d to

Jo (x) = V~~~~ f  s in  (x  c o s h i )  d ’ t  V

S i nce cosh ~ i s  symme t r i c  w i t h  res p ec t to ~ = 0 we obtain

J 0 ( x )  = f  sin (x cosh i ) d x5r1 ~

This equation expresses the relation between the Bessel function of first

kind and zero order and the trigonometric function sin (~~~
) in full analogy

with the spherical case (cf. equation (7-10). Consequently, it

provides a link between the Hankel- and the Fourier transform.

--5— -- - . -_-~~~~~~~5- 5- 5 — - - -—-5-— _______
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Recall the definition of the Hankel transform (2-5)

6(w) = f  J 0(ws) K(s) sds
U

and s u b s t i t u t e  (7 - 2 3 ) ,  then we obtain

G(~~) = -
~~
- f  [ - 2  f  K(s)sin( ws cosha)sd s] dcx -

T h e exp r e s s i o n  in b ra c k e t s , howeve r , is accor ding to (7-20) exactly

F ’ (wcosh cx),

and , conse quently, the relation between the Hankel transform G (w)

and the Four ie r  t r a n s f o r m  F (w )  is given by

6 (w )  = - f  F ’ ( w  cosh  cx ) dcx . (7-24)

Since the positivity of the Hankel transform guarantees the positive

d e f i n i t e n e s s  of a homogeneous  and i s o t r o p i c  f u n c t i o n  in the p l ane  z=0 ,

the Four i er t r ans fo rm  h as , apart from its posi t i v i t ~ , to f u l f i l

- I F’  (w  cosh cx ) dcx > 0.

7.2 Fourier transforms of covariance function approximations in

th e p l a n e

For three reaso ns we leave now the Hank~~l transformation

an d work  w i t h the Four i er tr an sf orma ti on:
a) We w i l l  investi gate the problem of covariance function

ap proximations by finite eleme nt models; therefore , we are
p r i m a r i ly i n t e r e s t e d  if the 3 e  a p p r o x i m a t i n g  fu n c t ions ful fi l
the necessary condition for positive de finiteness which is

de fined via the Fourier transform and , if not , w h a t  the degree
of non—positivity is.

S 5 - - - - 5-  -- -5- 5--- —-5-
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b) For numerical studies we choose a very simple model , the

Gauss i an covariance function . It can be shown (Moritz , 1976 ,

p. 19) that , a p a r t fr om a c o n s ta n t f a c t o r , the Four ie r and
t h ~~ Hanke l transform coincide for this model. T h e r e f o r e , it

can  be e x p e c t e d  t h a t  the F o u r i e r  t r a n s f o r m  of the a p p r o x i m a t i n g
f u n c t i o n  does not d i f f e r  much from the corresponding Hankel
t ra nsform

c) The c a l c u l a t i o n  of the Fourier transform is much easier than

that of the Hankel transform: in the latter the integr al

k e rnel cons i s t s b a s i c a l l y of the Besse l  funct i on of f i rst
kind and zero order which can , for  ar b it rar y argumen t , o n l y

V 

be calculated by numerical integration; in the form er case ,
t he integral kernel is a simple trigonometri c function.

We w i l l , as in the spherical - ase , investi gate the step
f u n c ti on , piecewise line ar function and the cubic sp l ine fun ction
as a pproximatin g elements. Because of the symmetry of the fun ctions
wi th re s p e c t  to s = 0 , also the Fouri e r transform is symmetric

w i t h  res p ec t to th e F r e q u e n c y  ~ = 0 , an d moreover , th e i maginary
part vanishes identi cally. Consequently, the Fourier transform
which w i l l  be denoted by “ spec t rum ” in th e sequel  i s g i ven  by

F (w) = 2fK (s)cos (ws)d s
0

The different approximating functions are put in a closed form

by (7-2)

C i )  L

f(s) ~~~~~~~~~~~~~~~

where L assumes it s maximum for the cubic sp l ine (L = 3)
Theref ore , we wi l l  derive the spectrum for th i s fun ction; the

spec tra of the other (inferior ) functions can then be obtained

af ter specia l isation.

S 
-. :~~
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T h e o r e t i c a l l y ,  we s h o u l d  c a l c u l a t e  the i n t e g r a l  ove r
the whole domain - — ~- s < -

~~ 
; howeve r , s i n c e  p r a c ti c a l l y a l l

covariance fu nction s tend to zero quickly, we can l i m i t  ourselves

to a finite interval. This interval w i l l  be subdivided into 3

subi ri tervals bounded by the mesh p o i n t s  s . , s .
~~ 

. The inter-

p o l a ti ng f u n c t i o n  d~~~ ;ted t h i s  sub interval [s . , s . S] w i l l
j+1

be denoted by f(s~ ; its equation is given above.

We c a l c u l a te , therefore , th e F o u r i e r t r a n s f o rm of the
interpolating (approximating) functio n f (s) consisting of

functions f o3 ) (~~)

S . SJ j+1
F (w ) = 2 ~ f f ( i) ( s ) c o s ( w s ) d s  . (7-26)

1= 1 s~

Substituting for f~J~(s) we o btain

J L  S

F (w ) = 2 ~ ~ ~~~~~~~~ ( w )  ( 7 - 2 7 a )
j = 19. =0

V J +~ -

C~~~ ( w )  = (s~ s .) c cos (~~s ) d s  . ( 7 - 2 7 b )

Fo r reasons of a compact notation we also define the functions

S .
V j + 1

~~~~~~~ = f ( s - s . ) 9. s i n ( w s ) d s  . (7-2/c)

Pe rforming the integrations in (7-27b ,c) and putting

: S V  - S .j j + 1  j

S -—
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we arrive at the following exp ressions:

~~~~~~~ = i [sin ( w s . 
~ 

- sin( w s .)]

S~~~ ( w )  = - i[ c os ( w s  
- cos (ws )]

~~~~~~~ ~~~~~~~~~~~ - ~ .s in( ws. 1 )~

s~~~~~ ( w )  = ![C~~~ (~~~) - 
~~cos(ws 1 )]

~~~ (~~~) = - ![2S~~~ ( w )  - A~ sin(ws . 1 )]
(7-28)

s~~ ( w )  = ~~[2C~~~
> 

( w )  - ~~cos (~~s . 1 )]

c~~ ( w )  = - ![3 s~~~~~ ( w )  - 

~~sin (ws . 1 )]

S~~~ ( w )  = ![3C~~~ ( w )  - A~ c os ( w s , 1 ) ]

With the hel p of these r e l a t i ons  we are a b le  to c a l c u l a te t he
Four ie r  s p ec t rum for a l l  fu nctions chosen h ere . For our numer i cal
exam ple we have used the Ga 4 ;sian covariance fun ction of gravity

anomal i es de f ined  by

s 2
-1n2 (—)

C (s) C e (7—29)

wi th t he f o l l o w i ng p arame te rs :

C = 1600 mga l 2 . . . variance of gravity anomalies

h = 60 km . . . correlation len gth .

(the variance 6 of the h orizontal derivatives of the gravity

anomalies Ag assumes the value c~ 60 E 2 . )
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The Fouri er transform of this mod e] i s g i v e n  by (Moritz ,
1976 , p. 19)

- 
(wh)

2

F(~~) = C h ~[~,-~-2 e 
4 1 n 2  ( 7 - 3 0 )

For compar i ..ori purposes we give also the Hankel transform which
d i f f e r s  f rom (7 - 3 0 )  only by a scale factor:

2
(I: 1 )

h V’ j f l~~~G (w ) = C
~~~1~~2~ 

e

S i m i l a r l y  as in chapter 6 we d e f i n e  the ralat i v e  perturbation of

the spectrum by

q ( w )  := 1 - _ _

with F (~~) • . . exact spectrum (eq. 7-30)

F (w ) ... spectrum of the approximating fun c tion.

For the three models discussed here , q (w ) is shown i n  f i gure

7.1. According to the definition of w = 2-in /I (T .. period ),

= 1 corresponds to a wavelength of 2-n-i km when the distan c ’ s

is coun t ed in kilometers. Therefore , w = 0.1 corresponds to

2ni~~1O km which is approximatel y the correlation length chosen

here. The subinterval length A was set constant and equal to

30 km (1/2 of the correlation length h ).

From figur e 7.1 we c~in draw th e following conclusions:

For the spline approximation the perturbation of the spectrum

is practically zero up to w = 0.05 which corresponds to a

wavelengt h of h/2 ; until w = 0.1 i t increases modestly and

—--5- 5 -.— Sa_ -----5 - — -
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q (w )

1.0 -

linear

/ ste ,~
sp l ini e

v.5 -

0 —  —-5- 
I

0.05 0~. 10

Fig. 7.1 R e l a t i v e  p e r t u r b a t i o n  of the spectrum (p lanar case)

f rom 0 .1  on it is f a l s i f i e d  too much . The v a n i s h i n g  p e r t u r b a t i o n
for small w expresses the fact that the low frequency part of
the spectrum is very well repr eser. Led b y the sp l ine. The situat - ’on
is different for the piecewi -~e linear function and the step
functio n where the perturbation is alread y c o n s i d e r a b le in the
ver y low frequency part which is not sufficiently well re-

pr esen ted . S i m i l a r as for t he sp l i ne , t he perturbation becomes

ver y b ig f rom u = 0. 1 on . From the first view the reader w i l l

probabl y conclude that the autho r has made a mistake by changing

th e cu rves  for th e pi e c e w i s e  l i near func t ion an d the s tep f unc t i on .
Howeve r , th is is not the case. The reason that the low frequency

part of the spectrum is worse represented by the piecewise linear

function lies in the fact that for small s (the most important

part of the covariance function ) the interpolating linear function

remains below the exact one and , t he re fo re , c a u s e s  an under-
re presented low frequency part of the spectrum. In order to show

— 5 5 5 ~~~~~5 55~~ - ~~~~~~~~~~~~~~~~~~~~~~ V V S V V_SV _  — 5-_S __~_V_ V ____ -
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F(~ )- F (w )
F (0)

0.05

/
/ l inear

~~ 
7

step~ -

0 

~~~~~~~~~~ s~l i ne 
N 

-

~~~

-0.05

Fi g.  7 . 2  P e r t u r b a t i o n  of the s p e c t r u m  n o r m a l i z e d  by F(0)

the difference between the exact spectrum and the spectrum of the

a p p r c x i m a t i n g  f u n c t i o n  we have  d r a w n  figure 7 . 2 .  I t  s h o w s  the
d e v i a t i o n  of the two s p e c t r a  n o r m a l i z e d  by F (O )
Whereas t he low f re q uency p ar t of t he spectrum is setter re-
presented by the step function than by the p iecew ise line ar
function , i t  is much worse in the higher frequen cy part (this
strong pertu rbation comes mainly from the disc ontinuity of the
a p p r o x i m a t i n g  f u n c t i o n~~. For the spline the rela tive p erturbation
rema i ns b e low  5 1 0~~

S - 
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7 . 3  C o n s e q u e n c e s  of a s p e c t r u m  p e r t u r b a t i o n

A f t e r  h a v i n g  d i s c u s s e d  the s p e c t r a l  b e h a v i o u r  of co-
v a r i a n c e  func t ion a ppr o xi ma ti ons so d eta i le d over  many p a ge s , it

is  t ime  to j u s t i f y t h e s e  i n v e s t i g a t i o n s .
Th e grea te s t a d v a n t a g e  of c o l l o c a ti on in ge odes y, at

l e a s t  in the au tho r ’ s o p i n i o n , is  the p o s s i b i l i t y  to comb ine
he te rogeneous  d a t a  wh ich  are  somehow r e l a t e d  to the g r a v i t y  f i e l d
of the e a r t h .  The lin k f o r  data com bi na t i on  i s the c o v a r i a n c e
function which , t h e r e f o r e , plays such an essential role in collo-

cat ion. In order to obtain covariances between different data

types we have to apply the corresponding operators on the co-

v a r i a n c e  f u n c t i o n  accor di ng to the law of p ro p aga t ion of covar i -
ances  ( M o r i t z , 1972 , p . 97).

The operators are of differential and integral type. The

first group, the di f f e r e n t i a l  o p e r a t o r s , ap plied on the covari-

a n c e  f u nc t i o n , are “ dange rous ” (at least for covariance appro—

xin ia tion models ). There fo re , we w i l l  b r ie f l y ske tch  it s intr i ns ic
properti 3s. We are only considering the distance depen dent co—

var iance function here.

a)  D i f f e r e n t i a t i o n
Le t us a gai n cons id er th e covar i ance funct i on of the

potential in its basic form on the unit sp here

K ( t )  = ~k P ( t )

and let us denote by K (t) its approximation by some model with

corres ponding coefficients k . Take , for  exam p le , the c ross
covar iance between the geoidal height and the deviation of the

vertical. Then we have , besides other trivi a l  manipulations , to
di f f e ren t iat e the c o v a r i a n c e  f u n c t i o n  w i t h res p ect to the inde-
pen d en t v a r i a b l e  t

_ _ _ _ _ _ _ _ _ _ _- - - - - - -  V —  ----5 - - V  —
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K ’ (t) = ~k~~P~~(t) (7-31)

with P’ (t ) = - 

~~~~~~ 
LtP~(t) 

- P
1 (t)1 . ( 7 - 3 2 )

The a n a l o g u e  e x p r e s s i o n  fo r  the a p p r o x i m a t i o n  is

K ’(t) = ~k P ~~( t )  . ( 7 - 3 3 )

E q u a t i o n  ( 7 — 3 2 )  t e l l s  us the p r i n c i p a l  a c t i o n  of d i f f e r e n t i a t i o n :
i t  a c t s  as an a m p l i f i e r .  The h ig he r  the deg ree  n , the h igher
w i l l  be the a m p l i f i c a t i o n  b e c a u s e , b a s i c a l l y ,  k is m u l t i p l i e d

by n . C o n s i d er , n o w , the e r ro r

:= K ’ ( t )  - K ’(t )  = ~ (k -k )P’ (t)

= - ~ (k -k ) n 
2 [ t P ( t )  - P 1 ( t ) ]  . ( 7 - 3 4 )

1-t

I t is obvious that the erro r A ’(t) is very  s e n s i t i v e  to the
er ror  k - k w h i c h  is  r e l a t e d  to the p e r t u r b a t i o n  of the s p e c t r u mn n
by (2 - 3 ) ’ .

S i m i l a r  as in the sp h e r i c a l  c a s e  is  the s i t u a t i o n  in
the p l a n e .  Let the c o v a r i a n c e  f u n c t i o n  be d e f i n e d  by C(s) v i a
the Hankel transform of its spectrum (the Hankel transform is

i nvo l utoric for quadratically integrable functions in the plane )

C ( s )  = fJ (~~s ) G ( ~~)w d~ . (7 35)

S ——— -5-—— ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ — - ——- -5— —--S
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I ts differentiation with resp ect to s is g i v en by

— aJ ( m s )
C’ (s) = G ( w ) ~idw

w h i c h , with the help of (Papoulis , 1968 , p.168)

aJ (ws)
_ _ _ _ _ _ _ _  = — wtJ

1
( w s )  (7 36)

(J 1 (x) is the Bess el function of first kind and firs t order )

assumes t h e form

C’ (s) = - fJ 1 (ws)G (w)w
2dw . (7 3 7 )

Since 3 1 ( x )  has , b a s i c a l l y ,  the same amp l i t ude  b e h a v i o u r  as
3 ( x )  , the term 2 (instead of w in the usua l  t r a n s f o r m a t i o n )
a c t s  as a m p l i f i e r  and p l ays , th e r e f o r e , the same ro le  as n in
the s p h e r i c a l  c a s e .  The e r ro r  of the d i f f e r e n t i a t e d  c o v a r i a n c e
f u n c t i o n  is , in ana logy  to ( 7 - 3 4 )  g i v e n  by

= C ’ ( s )  - C ’ ( s )  = - fJ 1 (ws)[G (w) 
- G(w)]w 2dw ( 7 - 3 8 )

with C ( s ) . . .  approximated covariance function ,

6 ( w )  . . .  its correspo nding Hankel transform .

In v iew of these facts we co nclude that it is extremely important

to I now , up to which frequency the spectrum of the approximating

func t ion is well behaved and at w hich frequency it star ts to be-

come f a l s i f i e d .  Since the perturbation of the spectrum depends

on t h e  smoo thness  of  t he i n t e r p o l a t i n g  e lement  used and on the

- - ~~~~ 5 ~~~~~~~~~ - - ___ _ _
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length of the subint erval chosen , which was shown in the last

c h a p t e r s , we can  se l e c t  the p roper  f u n c t i o n  t o g e t h e r  w i t h  a
c e r t a i n  g r id  s p a c i n g  as soon as we k n o w  w h i c h  c o l l o c a t i o n  p r c b l e m
we are go ing  to s o l v e .  E s p e c i a l l y  when d i f f e r e n t i a l  o p e r a t o r s
are i n v o l v e d , the s tudy  of the p e r t u r b a t i o n  o f  the s p e c t r u m  is
of c o n s i d e r a b l e  i m p o r t a n c e .
b ) Integration

More p le a s a n t ,as fa r  as e r r o r s  a re  c o n c e r n e d , are

p rob lems  w h i c h  i n v o l v e  i n t e g r a t i o n s  of the c o v a r i a n c e  f u n c t i o n .
In c o n t r a s t  to the d i f f e r e n t i a t i o n , the i n t e g r a t i o n  has a smo o th-
ing e f f e c t  and , c o n s e q u e n t l y ,  we are much more f ree  r e g a r d i n g  t he
c h o i c e  of the i n t e r p o l a t i n g  e l e m e n t  and the l e n g t h  of  the su b—

i n t e r v a l .
Take , for examp le , the i n t e g r a l  of  the c o v a r i a n c e

f u n c t i o n  o v e r  the i n t e r v a l  [t , t 1 1

t
i 

t
i

J K (t )dt = ~k f P ( t ) d t  ,

then the c o r r e s p o n d i n g  a p p r o x i m a t i o n  e r ro r  is g i v e n  by

H k —k
J A ( t ) d t  = 

~ ~~~~ 
[ P

÷1
( t 1 

- P~~~1 (t 1 ) + P~~~, ( t 0 ) -

- P
1 (t )]  . ( 7 - 3 9 )

A n a l o g o u s  f o rmu las  can b e o bt a i ne d for t he p la n a r case

S I 
S

i

f AC (s)ds = f f J ( w s ) A G ( w ) i d w d s  , -

s w=Os=s
0 0

wh ich , however , lead to rather comp licated expressions inv o l v i n g

Struve funct ions (SUnke l , 1977 , p .133). For the Fouri er trans-

fo rm it is much easier to g ive an error es timate

—— —  
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S
i — 

S
i S

J AC (s )ds :=  2 J 5 cos (ws)~~F (w)dsdw
s w= Os=s
0 0

w h i c h  can be s imp l i f i e d  by c o n s i d e r i n g  ( 7 — 2 8 )

S

f~~ C ( s ) d s  = 2f![ s i n (w s 1 ) - s i n ( w s )]~~F ( w ) d ~ . ( 7 - 4 0 )

The smoo th i ng pro pe r t ies of the i n tegra l  o p era tor are
ev iden t  f rom the f a c t , that  in ( 7 - 3 9 )  and in ( 7 - 4 0 )  th e fre-
quency o c c u r s  in the denomina to r  and , therefore , damps errors in

the hi gh frequency part of the spectrum. Consequently, for collo .

ca tion problems in v o l v i n g  integrations of the covariance function ,

even  such a p p r o x i m a t i n g  funct ions can be used which give rise to

r e l a t i v e l y  b ig  p e r t u r b a t i o n s  in the hi g h f requency  par t  of the
s p e c t r u m , l i k e  the s t ep  f u n c t i o n  ( c f .  f i g . 7 . 2 ) .  The t rea tment  of
o p e r a t o r s  l i k e  d i f f e r e n t i a l  and i n teg ra l  o p e r a t o r s  i n the s p ec t ral
domain is , therefore , very  w e l l  s u i t e d  to g i v e  an idea of i t s
i n t r i n s i c  p r o p e r t i e s .  A f t e r  h a v i n g  k n o w l e d ge about  the p rob lem
to be so l v e d , we can directly select the proper approximation

elemen t together with the length of the subinterval. This is an

importan t completion of the erro r estimates given in chapters 3 ,

4 and 5.

8. E r ro rs  of p r e d i c t i o n  c a u s e d  by a p p r o x i m a t i o n s

In the preceding chapters we have tried to give rules

of thumb for  the errors w hich have to be expected for different

covariances , being elements of the covariance matrix. The under-

l ying principle was bilateral : on the one hand we gave maximum

errors derived directly from the approximating function chosen ,

on the other hand the estimatio ns were obtained via the study of

5~5~ —. -r — -~~~~~ - . - ___________— 
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the perturbati ons of the spectrum. B o t h  r e s u l t s su p p l e m e n t e a c h
o t h e r .  These  i n v e s t i g a t i o n s  were  a b s o l u t e l y  n e c e s s a r y  because

they p r o v i d e d  us the i n fo r m a t i o n  abou t  the e r r o r s  of the e l e m e n t s
of the c o v a r i ance  n a t r i x  and the s i g n a l — m e a s u r e m e n t  c o v a r i a n c e
vec tor .

~he a p p r o x i m a t i o n , so to s a y ,  p e r t u r b s  the e l e m e n t s  of
the l i nea r  t r a n s f o r m a t i o n  be tween  measuremen t x and predicted

s i g n a l  s~~. The two f o r m u l a s  we are pri a r i l y  i n t e r e s t e d  are
(Mor itz , 1970 , p .7)

T -1s~ = C~,C x , (8—1)

C~~ 
- C~ C~~ C ( 8 - 2 )

w i t h  x ... v e c t o r  of measu remen ts
C . . .  c o v a r i a n c e  m a t r i x  of m e a s u r e m e n t s
s~ . . .  p r e d i c t e d si g n a l
Ce ... c o v a r i a n c e  v e c t o r  b e t w e e n  s i g n a l  s~ and

measu remen t  x
mean squa re  e r ro r  of the p r e d i c t e d  s i gna l  s~
var i ance of the p r e d i c t e d  s i g n a l  s~

(We do neither consider a systematic part nor n o i s e  in the mea-
su rements

By the approximation of the basic covariance function ,

i n g e n e r a l , all covaria nces are dis t urbed to some extent. In the

f o l l o w i n g  we make so me a t t e m p t s  to e s t i m a t e  the c o n s e q u e n c e s  of
t he approximation for the predicted signal and its mean square

error.

8.1  Er ro r  norm e s t i m a t e s

Let  us con s i d e r  c o v a r i a n c e s  bei n g e le men ts  of C and
which differ slig h tly from its exact analogues C and C~,

_  - - - -5 - - - 5 - -
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C = C + ISC

( 8 - 3 )

= C + óC

Then it c an  be e x p e c t e d  t ha t  a l s o  the s igna l  s~ r e s u l t i n g  from
the p r e d i c t i o n  p r o c e s s  (8 - 1)  di i fers only slightly from

= S + A s~ . ( 8 - 4 )

With (8-1) - ( 8 - 4 )  the s i g n a l  a p p r o x i m a t i o n  e r ro r  ôs~ can  be
o b t a i n e d  by

ós~ = ( C C ~~ - C C ’ )x  . 
V 

( 8 - 5 )

The l a s t  e x p r e s s i o n  w i t h i n  the brackets can be split according

to ( 8 - 3 )  in to

C~ C~~ = (C~ - óC~~) ( C  - ó C) ~~ . (8-6)

If the m a t r i x  C i s  r e a s o n a b l y s t a b l e , we can e x p e c t  that  the
inverse C

1 is c l o s e  to the e x a c t  one C~~

(C — 6C)~~ = C~~ + 5K (8—7)

w i t h  A K sma l l  rel a ti v to C 1 
. Consequently, t h e f o l l o w i n g

r e l a t i o n  ho lds  w i t h  s u f f i c i e n t  a c c u r a c y :

(C — 6C)(C~~ + ox ) = I

= CC ’ - oCC 1 
+ C 6 K  — O C o K

I - ~CC
1 

+ CoK

- - S - * S—r -- —— -  -— - -.- ‘~~~ - - _ _ _ _ _ _ _ _ _  _ _ _ _  - - — - - -

S ~~~~~ -~~~~S S -~~



w h i c h  g i v e s

A K  = C~~~oCC ’ , ( 8 - 8 )

so t ha t

(C - 
~C) 1 C~~ (I ÷ (

~C C )  , ( 8 - 9 )

w i t h  I d e n o t i n g  the un i t  m a t r i x . A n a l o g o u s l y  we s i m p l i f y
e q u a t i o n  ( 8 — 6 )

= (C — A C T ) C _ l  (I + o CC ~~ )

C~ C 1 
- oC~ C~~ + C r C _ HCC _ l

p p p

so tha t  the f o l l o w i n g  r e l a t i o n  h o l d s  for  the s i gnal  a p p r o x i m a t i o n
e r r o r :

= ( 6 C ~ - C C ~~~o C)C~~~x . ( 8 - 5 ) ’

In a s i m i l a r  way a l s o  the a p p r o x i m a t i o n  e r r o r  of  the mean s q u a r e
e r r o r  can  be f o u n d .  Let  us d e n o t e  t h i s  e r r o r  by

~m
2 

:=  m
2 

- ~ 2 (8 -10 )
p p p

and the app rox i m a t i o n  e r r o r  of  the signal var iance by

:= C - Cpp pp p p

If we n e g l e c t , as above , products of small terms , we ob t a i n

om~ = oC~~ 
- ~C”C~~ C~ + C 1 C 1 A C C 1 C~ 

- C T C
_ 1

A C 

~~ V • 
V~ - - -~ 
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t) 0

Since a real number does not change under transposition , toe

f o l l o w i n g  r e l a t i o n  ~i o l d s :

so t ha t  the a b o v e  e x p r e s s i o n  for  ~~~ can be f u r t h e r  s imp l i f i e d :

= A C~~ 
- (2~:C~ - C T C lA C )C lC~ . (8 10 ) ’

F r o m the e q u a t i o n s  (8 — 5 ) ’  and ( 8 - 1 0 ) ’  we can  a l r e a d y
conclude that i t  is i m p o s s i b l e  to g i v e  an idea  abou t  the approx-
m a t i o n  e r r o r s  of the s i g n a l  and the  mean s q u a r e  e r ro r  as long
as  i n f o r m a t i o n  abou t  C~~ is  n o t  a v a i l a b l e .  C h oweve r ,

depends on the data confiaur a tion , a n d so do e s C 1 
. T h e r e f o r e ,

it  is  not e a s y  to g i v e  e r ro r  e s t i m a t e s  w i t h o u t  h a v i n g  i n f o r m a t i o n
abou t  the i n t r i n s i c  p r o p e r t i e s  of the c o v a r i a n c e  m a t r i x .

I n t r o d u c i n g  some k i n d  of norm d e n o t e d  by j~ and

r e c a l l i n g  the r e l a t i o n s

~AB~I .~~. I A ~

we can give upper bounds for the errors os~, and ~~

(II oC~ I I + C~~H ~C~~~j H~~C I I )  !~ C ’~ l i x  , (8-11)

I o m ~ l ~C 1,~ H +  (2 11 AC T I I  + I I C ~~ l l C ~~l I ;-~~~C I i )
( 8 -12 )

. Il C ~~I I j i C ll

- .  S S - -V - - V - 5 5
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The  f o l l o w i n g  e x a m p l e  may g i v e  an i n d i c a t i o n  how p e s s i m i s t i c  t n e s e
e r ro r  bounds  a r e :
Le t  us c o n s i d e r  two p o i n t s  P 1 and P ) s e p a r a t e d  by the d i s t a n c e
S = 1 , and measu r m en ts  x 1 and x 2 a t  t h e s e  p o i n t s .  P r e d i c t
be s i g n a l  s~ , w h i c h  is  of the same type as and  x 2 , at

‘ he  m i d p o i n t  o f the  s t r a i g ht l i n e  c o n n e c t i n g  P 1 and P 2 . The
c o v a r i a n c e  f u n c t i o n  is  G a u s s i a n  and g i v e n  by C ( s ) = e x p ( - s 2 ) .  The

e : ict  co~~a r i a n c e s  h a v e  the v a l u e s

r 1 0 . 3 6 7 8 7 9
C = , C

T 
= ( 0 . 7 7 8 8 0 1  , 0 . 7 7 8 8 0 1 )

[0.367879 1

As appr oximations we choose

~ 1 0 . 3 6
C = , C T 

= ( 0 . 7 7  , 0 . 7 7 )
L°~

36 1 p

the da ta  have  the v a l u e s

x T 
= (1 , 2)

P e r f o r m i n g  the t r i v i a l  c a l c u l a t i o n s  a c c o r d i n g  ( 8 — 1 )  and ( 8 — 2 )
we o b t a i n  the f o l l o w i n g  r e s u l t s :

5 = 1 .708 m 2 
= 0 .113

= 1 .699 rn~ = 0 .128

so that the errors assume the values

I 6S~~ = 0 .009  I Am~ I = 0 .0 1 5
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W i t h  the max -no rm

H x l i = max l x . , x . . . v e c tor ,

IA II = max Y l a . k I , A . . . matrix ,
1 k

w h i c h  a re  very  easy  to c a l c i~l a t e , we o b t a i n  the e s t i m a t e s

6s~~ < 0 . 0 5 9  A m~~ < 0 .0 3 4

w h i c h  are o b v i o u s ly very  p e s s i m i s t i c  c o m p a r e d  to the e x a c t
differences calculated above. Worse results are obtained with

the E u c l i d e a n  norm

2 T
x = x x , x . . . vector

IA 1 2 = t r (A T A )  , A . .  . m a t r i x  ( t r  . . . trace) :

I ~~~~ 0.132 6m~ j < 0 .089

F i n a l l y  we c o n s i d e r  the e s t i m a t e s  pro v ided  by the
spec t r a l  n o r m  d ef i ne d by

ii x l i  = (x Tx) u/2 , x . . . vector

II A l l  = K A . . . m a t r i x
max

with :=  A , A . . . eigenvalue. Since , i n  o u r  c a s e , a l l
A 2A

m a t r i c e s  are  sy m m e t r i c , the p r o d u c t

A T A = AA

- V ~~~~~~~~~~~~~~~~~~~~~ — - -— -_S - - - _____-
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and the e i g e n v a l u e s

A T = A = 
2

A A  AA A ’

so that

H A l l  = A
III .1  X

ho l d s .  For t h i s  norm we o b t a i n  the e s t i m a t e s

I o s~ l 0 . 0 9 4  l om~ l 0.067

As long  as m a t r i c e s  are  i n v o l v e d , the s p e c t r a l  norm g i v e s  t h e
s m a l l e s t  value; if , h o w e v e r , vector n o r m s  e n t e r  i n t o the esti-

mation , the m ax~-no rm defined above i s , f o r  v e c t o r s , s m a l l e r  or
e q u a l  t o the E u c l i d e a n  o n e .  T h i s  is  the reason  wh y the estimates
f o r  the max-no rm o b t a i n e d  here are s m a l l e s t .  T h i s , h o w e v e r , can -
not be generalized. V

At  t h i s  p o i n t  it seems to be w o r t h  to put the q u e s t i o n ,
w h i c h  c ondition has to be f u l f i l l e d  by the approximated co-
v a r i a n c e s  in order  to g u a r a n t e e  the f o l l o w i n g  basic c o n d i t i o n :

-

0 m~ ~~~ (8 - 13)

The f i r s t  c o n d i t i o n  is e q u i v a l e n t  to n on-n e gative mean
square error , so t h a t  no i m a g i n a r y  root  mean s q u a r e  e r ro r  can
o c c u r . (It looks t rivial , but it is essential; some polynomial

a p p r o x i m a t i o n s  of the c o v a r i a n c e  f u r c t i o n  do not t u l f i l  this

c o n d i t i o n . ) The second  one is a l s o  n e c e s s a r y  s i n c e  the e r ro r
variance cannot b e b i gger than th e var i ance of the signal
(Ad ding one s i n g le m easurement , the mean square error has to

dec rease.

- ~~~~~~~~~~~ _5• - - .
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Both q u e s t i o n s  can be a n s w e r e d  i m m e d i a t e l y :

0 < C~ C~~ C~ < C~~ ( 8 - 1 3 )

is a n e c e s s a r y  and s u f f i c i e n t  c o n d i t i o n  for  ( 8 - 1 3 ) .  C
T
C

I C > 
(V

is  t rue  if the c o v a r i a n c e  m a t r i x  C is p o s i t i v e  d e f i n i t e .  ( W e
n e g l e c t  here the e q u a l i t y  s ign  and do not s p e a k  about  semi-

d e f i n i t e n e s s . ) P o s i t i v e  d e f i n i t e n e s s , however , is e q u i v a l e n t  to
p o s i t i v e  e i g e n v a l u e s ;  t h e r e f o r e , the s p e c t r u m  e n t e r s  here a g a i n .

- ‘ 8 .2 Pertur bation of eigenva l ues

Let us a g a i n  c o n s i d e r  the c o v a r iance  ma t r i x C w h i c h
is d i s t u r b e d  s l i g h t l y  g i v i n g  C e and suppose that  C~ depends

on a p a r a m e t e r  c in such  a way t ha t  it re d uces to C for
c = 1 ( the  a p p r o x i m a t e d  c o v a r i a n c e  m a t r i x  in c o n s i d e r a t i o n )
and to C for c = 0 . We follow here (Friedrichs , 1973 , pp .213).

Let C be a n a l y t i c  in e ; it then a d m i t s  a r e p r e s e n t a t i o n

C = C + c C 1 + c 2 C~ + . . .  ( 8 - 14 a )

w i t h  bounded C 1 In the same wa y v,~ e x p a n d  the e i g e n v a l u e s

~ a nd correspon d ing e ig envec tors y of C

A = A + eA
1 

+ c
2
A
2 

+ . . . (8-14b)

y = y + ry 1 + e 2 y 2 + . . .  (8 14c)

(~ 
= A f o r  c = 1 , A = A fo r  e = 0 ; y = y for  c = 1

y
~ 

= y f o r  c = 0 . )

The rela tion between C ari d y is called the eigenvalue

prob lem

_ _ _ _ _ _ _ _ _ _ _ _--V S - - ~~~~~~~~~~~
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(C
~ 

— A ) y  = 0 . ( 8 -15 )

S u b s t i t u t i n g  ( 8 - 14 a - c )  i r ~tv~ ( 8 -15 )  we o b t a i n

(C + cC 1 + c 2 C 2 + . . . ) ( y  + cy
1 + c 2y 2 + . . . )

= (A + cA
1 

+ c
2
A
2 

+ . . . ) ( y  + ey 1 + c
2
y 2 

+ . .

We order  w i t h  r e s p e c t  to powe rs  of c r e s u l t i n g  in a s e q u e n c e
of e q u a t i o n s :

(C - A )y = 0

(C — A ) y 1 = — (C 1 — A 1 )y 
V 

( 8 - 1 6 )

(C - X)y2 = - (C 1 - A 1 )y 1 
- (C 2 - A 2 )y . -

Here we r es t r i c t  o u r s e l v e s  to e x p r e s s i o n s  l i n e a r  in £ . S i n c e
C and i t s  d i s t u r b a n c e  is symmet r i c , we note that

T
[ (C  

- A ) z ]  = 0 ( 8 -17 )

ho lds  for every  v e c t o r  z . T h i s  f o l l o w s  f rom

yT
[(C - A I ) z ~ = zT [(C - xI )y] = zTO = 0

because y is eigenvector of C . Therefore , we premultiply the

secon d equation of (8—16) by y
T a n d  ob ta i n

yT [(C - A I ) y 1~ = - y
T
[(C - A 1 1)y]

_ _ _ _ _  5-— _ _ _ _ _  ~~ — -
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w h i c h  g i v e s  z e r o  b e c a u s e  of ( 8 — 1 7 ) :

- A
1 I)y] = 0

T h i s  e q u a t i o n  can be s p l i t  i n to

T T
y C 1 y = A 1 y y

an d we c a n  ex p r e s s  A
1 in terms of the eigenvect or y an d

the disturbation matrix C 1

T
y C 1y

A 1 T (8 -18)
y y

I f  y is  a n o r m a l i z e d  e i g e n v e c t o r , (8-18)  c a n - b e  s i m p l i f i e d  to

TA 1 = y C 1y

Translated into our p r c b l e m  ( C 1 corresponds to - AC ,

corresponds to - OA ) it has the form

A A  = yT oCy (8 -19 )

w i t h  ( £ is  put equa l  to 1 now)

A = A — iSA , C = C - AC . ( 8 — 2 0 )

It i s fairl y easy to give an up p er b oun d for the eigen-
value perturbation iSA when the spectral norm is used . Since the

e igenvector y is assumed to be normalized it has the Euc l idean

norm (length ) equal to 1

H~ II = 1

S-.-- - -- - -
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and the norm of AC is  g i v e n  by i t s  l a r g e s t  e i g e n v a l u e

A C  II = m ax i  A~~ I

so t h a t

Hx I  < m a x I A 0~~l

The norm S A l  , a g a i n , p l a y s  a f undamen ta l  r o l e , b e c a u s e ,
a c c o r d i n g  to ( 8 — 2 0 ) ,  i t s  v a l u e  r e l a t i v e  to A t e l l s  us w h e t h e r
we can  be sure that all eigenva lues of C are positive (what

is e q u i v a l e n t  to p o s i t i v e  d e f i n i t e n e s s )  or no t .  If

m a x I A 6~~l > m m A c , ( 8 - 2 1 )

we have  to be very  c a r e f u l  as far  as the p o s i t i v e  d e f i n i t e n e s s
of C is conce rned  ( t h i s  is an e s s e n t i a l  c o n d i t i o n ) .

An i dea  about  the v a r i a t i o n  of A and A night be
C A c

p r o v i d e d  for  some s t a b l e  p r o b l e ns  by the t h i r d  theo rem of
G e r s h g o r i n  ( W i l k i n s o n , l 9 6 5 , p .7 1  ) .  A c c o r d i n g  to t h i s  th e o r e m ,

all e i genva l ues A . (i = 1 ,..., n ) of a (n x n) matrix A are
s ituated within the union of the discs (Fig.8. 1)

l z - a . < 
~~ 

a . . (8-22)
11 13

j~~~ 1

When A is symmetric , the complex number z reduces to a real

one  a n d , consequen tly, the disc d egenerates to an in terval on the

rea l  l i n e .  In v i e w  of the Gersh go r i n  t heorem the c o n d i t i o n  for
posi tive definiteness of C can be put in the fo rm

m a x l Sc.~ +~~~~i iS c~~~I 
~~~

< mi n( c
~~ 

-~~~~Ic~~~!) (8-23)

j~~i j9~i
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Re
1

~~~ 

a .H

F i g .  8 .1  Th i rd  t~ieo rem of Ge rs hgo r i n

For the example discussed dbove this condition is certainly ful-

fille d :

max i A c , .  +~~~l o c . I I = 0 . 0 0 7 8 7 9

j-~~i

m in (c . . -~~~l c~~l ) = 0 . 6 3 2 1 2 1

- j~~i

8.3  S t o c h a s t i c  e r ror  e s t i m a t e s

Up to now th~ error es timates were derived from a purely

de terministic approximation procedure without any stochastic

interpretation. Although in such an approximation problem there

is r e a l l y  no s t o c h a s t i c  b a c k g r o u n d , it mi ght be somet imes  (a t
le ast when large problems are treated) useful and a ppropr iate

to cons ide r  the d i s t u r b a n c e s  of the co v a r i a n c e s  as a samp le  of a
stochas tic process. In this way the elements of 6C r, and sC

--5--- -- - .  - —~~~~~~--—~~~~~~~~~~~~~~~~~~~~~~
—- - - -  

~~~~~~~~~~~~~~ 
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are  c o n s i d e r e d  as random v a r i a b l e s  of a second  o rder  s t o c h a s t i c
p rocess uniq uely descr ib ed by the exp ectation E{ ~

} and the
v a r i a n c e  E{ 

~
}

Let  us reca ll e q u a t i o n  ( 8 — 5 ) ’ :

= ( s C~ - CTC
_ h

5C)C~~ x

We change  the n o t a t i o n  such tha t

o = As~ , 0 = SC~ , a~ = - C~ C ’ , o = A C , b = C~~~x

w i t h  t hese  no t a t i o n s  the e q u a t i o n  above  can be w r i t t e n  in the
fo rm

o = (e  + a T c ) b  ( 8 - 2 4 )

w h e r e  a , b . . .  d e t e r m i n i s t i c  v e c t o r s
O . . . s t o c h a s t i c  v e c t o r
0 . . .  s t o c h a s t i c m a t r i x .

For the s t a t i s t - c s  of e and 0 we make the f o l l o w i n g  s impl i -
fy i rg assumpti ons:

E{ o . } = 0 , E { e e , } =

E C o .~~} = 0 E{ o . . o k~~
} = 0

2
6 ik 6

j~~ 
( 8 - 2 5 )

Ef e e . I = 01 ik

E denotes expecta tion in the probabilistic sense s
S . . is the K ronecke r  symbol

13
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W ith these assumptions it is easy to show that the expectation

of  o vanishes:

E { o }  = E { e . } b . + a V E{o . . } b . = 0
1 1 1 13 J

For the va l a n c e  of o we d e r i v e

E{ o 2 } = E{ (e b . + a ® . . b . ) ( e k bk + a k o k9. b~~
) }

= E{e . e }b V b + 2E{0. . 8 } a b . b
1 k 1 k 13 k 1 3 k

+ E{ e . .o k9. } a .a k b . b 9. ,

w h i c h , by ( 8 - 2 5 ) ,  b e c o m e s

E{o 2 } = 
2~ b . b + 

2~ 
~~~~, a . a b . bik 1 k ik j9. 1 k j  9.

=~~~
2 ( b b . + a . a . b . b . )  

- 

S
1 1  1 1 3 3

or E{ o 2
} = cz

2 bT b ( 1 + a T a )

Af ter back-substitution for a and b we f i n a l l y  get

E( os~~os~~} 1 2xTC~~ c~~ x (1 + C C 1C ’C~~) . (8-26)

T h i s  is the mean square  e r ro r  of the predi cted signal due to the

a pproximation with the assumption made above. Similarly we can

derive the mean square approximation error of the mean square

error of the predic t ion. Recall (8-10)’

= oC 1,~ - ( 2 5 C  - C C ~~ 6C)C ’C~ ,

We make use of the summation convention.

S ~~~~~~~~~ 
P 5 - S  - - 5 -  -_

- -~~~ - S -~~
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w h i c h , w i t h  : =  A m~ , y :z 6C~~ and ‘i , 0, a as be f o r e ,
can  be w r i t t e n  as

p -y + a T
(20 + f l a )  , ( 8 - 2 7 )

whe re  y is a s t o c h a s t i c  s c a l a r  w i t h

E { y }  = 0 , E{ ~2 } =

(8 - 2 8 )

E f ( U . } = 0 , E { - ~~~. .1 = 0
1 1 3

As b e f o r e  it can immed i a t e l y  be v e r i f i e d  tha t  El~ i }  = 0 . For
the v a r i a n c e  we d e r i v e

p 2 
} = E{ (y  + 2a u . + a ® . . a . )  ( 

~

- 2a~ o 
k 

+ a
~~~k a

= E { ~~
2 } + 4 E { ü . ~~} a .  * 2 E t o . . y } a . a ,  + 4E (u . u k~

a a k

+ 4E {o . u ~a . a . a  + E f o  . 0 } a . a . a a
ij  k ~ j k ij  k~ i j k 9.

which , by ( 8 - 2 5 )  and ( 8 - 2 8 ) ,  becomes

2 2 2E{ p  } = a + 4~ L A . a . a  + 1 A . 6 . a . a .a a ,ii.- i k ik j9. n j k ~

= ci
2
(1 i 4a . a . + a .~~~a a )

i u k k

or E{p
2
) = (Z [1 i a T a ( 4  + a F

a)1

A f t e r  b a c k - s u b s t i t u t i o n  for  a we finall y get

= a2[1 + CT C~~ C lC~~(4 + C~ C 1 C ’C~~)1 . (8-29)

- 
-
~~ 

-
~ 

.
~~~~~~:
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The v a r i a n c e  2 of the d e v i a t i o n  of an e lemen t  of ~~

‘ 

or

f rom the t rue v a l u e s  can be estimated as soon as the prob l ’~in is

d e f i n e d  and the a p p r o x i m a t i o n  mo del i s  chosen (see chapters 2-5).

For s m a l l  a
2 

, C~ and C can be r e p l a c e d  by C~ and C

r e s p e c t i v e l y ,  so tha t  e q u a t i o n s  ( 8 — 2 6 ) and ( 8 — 2 9 )  p r o v i d e  irn ;ie-

di a tely an es t ima te of th e consequences of th e covar i anc e functi o n
approximation. Although th e stochas ti c model di scussed here
d o e s  not reflect the physical reality , it can be ve r y  use fu l  and
g ives , a t  l e a s t  for  l a r g e  s c a l e  app l i c a t i o n s , no t such pess i-
m i stic error  e s t i m a t e s  as we o b t a i n  w i t h  norm e s t i m a t e s .  The n o r m
of 6C~ and S C is , so to say, r e p l a c e d  by t h e  g lobal value cz~~.

9. A p p r o x i m a t i o n  of t he s p a t i a l  c o v a r i a n c e  f u n c t i o n
by a b ic u b i c  s p l ine f u n c t i o n

So fa r  a l l  our a p p r o x i m a t i o n  mo d e l s  di s c u s s e d h e r e  w e r e
r e s t r i c t e d  to the sphe re  or p l a n e  o n l y .  S ince  g e o d e t i c  m e a s u r e -
ments are performed a t  p o i n t s  on and outside the surface of the

earth we need a spatial covariance function in order to be able

to combine heterogeneous data in a consistent way. The basic

p r o p e r t i e s  of the c o v a r i a n c e  f u n c t i o n  have  a l r e a d y  been dis-
cussed in chapter 2 where  we have pointed out that the homo-

geneous and isotropic covariance function harmonic outside some

internal sphere depends essentially on two variables only, the

p ro d u c t  r~ rQ an d the spherical distance ~ . Th i s fac t will
be used here for an approximation of the covariance function by

a b i c u b i c  s p l i n e  f u n c t i o n .

~~~. 1 The b i c u b i c  sp l ine  f u n c t i o n

A s h o r t  d e f i n i t i o n  of a cubic s p l i n e  was given at the

b e g i n n i n g  of c h a p t e r  5. The bi cubic sp l ine is just an extension

to two dimensions: A function consisting of bicubic polynomials

— — — - — - — -—- 5—— — - - —  — — — V -

- -  
5 - - - p V S 5~~
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/ 1

defin ed on a regular g r i d  is c a l l e d  a b i c u b k  sp l i n c  fu nc t ion i f
i t  i s  t w i c e  c o n t i n u o u s l y  d i  I fer~ nti ble w i t h  I s p  t to oc h

i n d e p e n d e n t  v a r i a b l e  over the wh o le d o m a i n  o r d  i f  i t  ful I H - .
c e r t a i n  p r e s c r i b e d  bound ry conc l  i t  i ons  on t h e  bo u r i d d r y  o t h e

domain . If t h i s  sp i in i n i t e r p o l a t s d a t .a j t is c a l  led an i n t e - —

£~2~~t i n 9 b i c u b i c  l i i i - . The  co e f f i c i e n t s  01 each b i c u h i c  po ly -

n o m i a l  are uni q u e l y l e t i r m ined  by  c o n t i n u i t y  c o n d i t i o n s  u p to

and i n c l u d i n g  the , c o n I d  o r d e r  l i l y - I t ye t o q t her  w i t h  kn u wr l

boundary  c o n d i t i o n s .  W i t h i n  eoCh s u b r e c t d n g u l a r  a r e a  of  the mesh

i t s  e q o a t i o n  is given by

(
~~~ (p . ‘~~) = ~ a~ 

j )  
~~~~~~~ 

k 
~~~~ 

1 (9  1)
k - o 9 . -

The c o e f f i c i e n t s  ~~~~~~~ a i r  the r e s u l t  vi o ma t r i x p r o d u c t

( M e i s s l , 1971 , p . 3 6 )

: =  ( a ~~~~
1 

= H ’ (g)r 11 (h )

w i t h

1 0 - 3 / h ’~ 2 / h ’

H (h ) = 0 1 - 2/h 1/h
2 

( l - 2 a )
0 0 3 / h ~ - 2/ h ’ -

0 0 - 1/ h  1/ h 2

Ii ... grid distance in ,, - d i rection ,

g . . .  gri d distance in ~p — d i r e c t i o n ,

a n d

f . .  q . I . q~ -
3 1 3  t , j 1 1  1 , J 4 l

p r . p - r . .
F = 

i , j + 1  t , i + 1  (9—2h )

f 1~~1 ,~ 
q

1~~1~~ i~~1 ,j f 1

[ 
p
~ 

n 
4 1 4 1  

r . 1 , 4 1 

-

- -~ -__ S _S 55 5 - - -  ~~ - -  __________ - —— 
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f~ 3 
. . . fu n ction values at t h e gr i dpoint with the indices (

~
j)

p . .  . . . first derivative with respect to p at  ( ii)
q . .  . . . first derivative with respect to ~ a t  (ij)

~~ . . . second  d e r i v a t i v e  w i t h  r e s p e c t  to p
~
, a t  (ii)

T h e  f i r s t  a n d  s e c o n d d e r i va t i v e s  a t th e m e s h  p o i n t s a r e  d e t e r-
m ined by continuity conditions s i m i l a r  to the one—dimensional

c a s e . For a un ique  r e p r e s e n t a t i o n , h o w e v e r , t h e s e  v a l u e s  m u s t

be k n o w n  a t  t h e  boundary points and are , therefore , c a l l e d  boun-
dary values. Usually these boundary values are not known and ,

consequently, some assump tions concerning their values have to

be made. In our case , h owever , we are in the luc ky pos i tion tha t

we know all these boundary values exactly (they are just deriva-

tives of the covariance function ) and , therefore , t h e s p l i n e
representation of the spatial covariance function is unique.

9.2 ~pprox imated covariance expressions

The s p a t i a l  c o v a r i a n c e  f u n c t i o n  of the d i s t u r b i n g
p o t e n t i a l

2

K (P ,Q) =
~~~~

k ( r~~~~
)
~~ 

1 P (cos~~)

will  now be approximated by a bicubic sp l ine function (9-1).

As independent variables we wi l l  choose

p : =  r~ rQ

a n d  = ar ccos
i~ p~ I~

Ql
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Fig. 9.1 Possible b i c u b i c  sp line  gridding

Si nce th e bicub i c sp l ine is twice continuously differentiable

w ith respect to each independent variable ~ and ~ , i t s  t h i r d
derivative with respect to one variable is a step function.

Conse quently, at most 3 differentiations w i t h  r e s p e c t  to  each

var iable o and 14 are admit ted. With thi s in mind we summarize

in table 1 all geodetically relevant covariance expressions

w hich can be derived from an approximation of the d i s t u r b i n g

p o t e n t i a l  c o v a r i a n c e  f u n c t i o n  by a bicubic sp line function.

(Recall tha t a radial derivative corresponds to a differe n tiation

wi th respec t to p , a h o r i z o n t a l  d e r i v a t i v e  to a d i f f e r e n t i a t i o n
w it h respect to 4~ . )  All covariances denoted by • can c de-

rive d from the sp l ine representation of the di s t u r b i n g  p o t e n t i a l

covariance function. A bi l i n e a r  representation , for e~ amp l e,

would only permit exprcssions denoted by o a step function

representation onl y cov(T ,T) . Hatc hed areas indicate cova~~ia n L~~
w h i c h  canno t directly be derived from the basic s p l i n e  repres i- n-

tat i on . It is , however possible , also to f i ll up these ga~~s b~

~~~—- -5-  ~~~~~~~~~~~~~~—~~ .--- - — - - 5— — —5-—-- -- —5-- - —_- - - -5  -
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choosing additional s p l i n e  representations w h i c h  interpolate t he

r a d i a l  and h o r i z o n t a l  d e r i v a t i v e .

V 
Until now we have only stated that the d i ff rent . co—

v a r i a n c e  e x p r e s s i o n s  l i s t e d  in t a b l e  1 can be derived by simple

d i f f e r e n t i a t i o n s  of the sp l i n e ;  we s u p p r e s s e d  the f a c t  t h a t  L i —
s i d e s  t h e~ e d i f f e r e n t i a t i o n s  the re  a r e  also partial d e r i v a t i v e s

of ~
.- with respect to r~ and  r and p a r t i a l  d e r i v a t i v e s  of

~ w i t h  r e s p e c t  to e~ , e~ , A~ and involved. In the s e q u e l
we w i l l  give a setting-up of some frequently used covariances.

Details concerning the derivations can be found in (Tschern i ng,

1976), t h e  relevant relations between different - q u a n t i t i e s  of the

gravity field can be foun d in (Heis k anen and M o r i t z , 1967).

cov ( T~~ T Q ) = f

p 2
c o v ( I~~,~.g Q ) = f~ r

c ov (T ~~~ Q ) =
~~~~~~~~ 

f i~
i
~
}
e ç1

c ov (I~~~n Q ) = - 
~~~~~~~~~~~~~~~~~~ 

f~~~

c o v ( A g ~~,A g Q ) = 
r~~r

Q
~~~pp 0

2 
- 3f ~~ + 4 f )  ( 9 - 4 )

~OQ
c ov ( A g ~~,~~~) = 

Y r~ rQ 
— 2f ~~)

cov ( A g ~~ n2
) = 

Yr p rQ
si n o ç)~~~~r

’ 
- 2f ~~)

cov (~~~~~Q
) = 

2r r e p
k U

Q 
+ f~~~ y, p O Q

)

cov(~~~~fl Q ) 
= 

2 i
O~~~~~

I:;
~~
eP~~A Q 

+ f~~~~~~~)

- . V —
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1 ( f  ~~ + f 
~ 

)cov (r1~~ n Q) 
= 

r~ rQsin e~ sine Q 
y
~’ P Q ~

T he partial derivatives of the spher ical distance with

r e s p e c t  to the spherical coordinates of P and Q can e a s i l y
be d e r i v e d  f rom

1 c o s i
= 

~T~Y = - 

s i n ~ ~~
( . )

with cos p = cosO~ cose
Q 

+ sin e~ s in O Qcos (X Q 
—

A l l  derivatives of th is kind can be found in (Tscherning, 197 6,
pp.18 ,19). Also very simple is the calculation of partial deriva-

tives of the sp l ine with respect to p and ~ . Recall i n g its

defining equation (9- 1 ), we obtain by p ri~m it ive di fferen ti ation
the partial derivatives occuring in the covariance expressions

a b o v e :

3 3 - -

= ~ k ~ ~~~~ 
k-i(p -p . )  (:- ~~~ )=1k= 1 ~=o -

3 3
= ~ k ( k 1) ~p p
k=2 Z=o

3 3
= ~ ~~~~~~~~~~~~~~~~~~~~~~~~ (9 5)

k = 0 9 .~~ 1 
k i . 1

_

V3 3
~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

k=09.= 2

3 3 5

f (I~J ) 
~~~~ 

= 
~

‘ k V 9.a~~
’3

~ 
/ ~k i  9.— i
~
p -p - )  ~~~~~~~~~~~~~ kA - 1k= 1 c = i

In th i s  wa y all derivatives up to ~~~~~~~ = 36a 3~ can be
c a l  cii i a ted

_____________•_--- _ .__ -~~~*- - - ~~s~~~ -V  S - - - -
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~.2 How to get c o v a r i a n c e s

At the ve l-y b e g i n n i n g  of this report we have me ntioned

t h a t  the c o v a r i a n c e  t - ~n c t i ~ - t p p r n x i m a t i o n s  can  bc useful fo r

l a r g e s c a l e a p p l i c a t i o n s  of  c o l l o c a t i o n .  S m a l l  s c a l e  p r o b l e m s  a r e
of  no conc ’- n; it w o u l d  he a w a s t e  of  t ime  to perform t he  i n t e r —
m e d i a t e  s t e p  of t h e  a p p r o x i m a t i o n . A l s o  we want to a void  the

i m p r e s s i o n  t ha t  t h i s  r e p o r t  is  an a t t a c k  on the e x c e l l e n t  and
e x t r e m e l y u s e f u l  s u b r o u t i n e  C O V A X  w r i t t e n  by C .C. Tscherning.

T h i s  s o p h i s t i c o t e d  s u b r o u t i n e , h o w e v e r , s h o u l d  o n l y  be used  as
a mean fo r  o b t a i n i n g  an a c c u r a t e  n e t w o r k  of  a b s o l u t e  c o v a r i a n c e s
Inside the network we can perform , so t o  s a y , I- n l d t i v e  c a l c u -
l a t i o n s  called interpolations based on a much simp ler f u r o t i o n

compared to the covariance function . (No geodesist w i l l  use a

first orde r the o d o l i t e  for purposes of prop e r l y d i v i d i n g ! )  In

t h i s  s e n s e  c o v a r i a n c e  fu nc t i o n  a p p r o x i m a t i o n s  have to be under-
s t o o d .

We w i l l  now w r i t e  down in a c o m p a c t  f o rm  a l l  s t e p s
necessary for A ) setting up the s p l i n e  representa ti on and B)

c a l c u l a t i n g  d i f f e r e n t  kinds of cov -i riance s .

A ) 1. S e l e c t  an a p p r o p r i a t e  g r i d  s p a c i n g  in ~ and ~- d i r e c t  ion
g and h ) a c c o r d i n g  to some k i nd  of a p p r o x i m a t i o n  e r ro r

e s t i m a t e s .
2 .  D e f i n e  t h e  l o w e r  and upper  bounds in 1 and ~ you are

i n t e r e s t e d  in and g e n e r a t e  a r e c t a n g u l a r  mesh ( 1  = 1 , . . . ,  I;
j = 1, . . . ,  J).

3. C a l c u l a t e  t h e  c o v a r i a n c e s  of  the d i s t u r b i n g  p o t e n t i a l  a t
a l l  mesh p o i n t s  u s i n g  the s u b r o u t i n e  C O V A X .

4. Calcula t e  the boundary values necessary for the spli n e

representation:

q . = 0 beca use of the symmetry of K w i t h
(i j) P - P .  i i

r e s p e c t , to ~ 
= 0

- -S -----~~~
_ _ _  - - -- —--5 —- - - -



flU

z q 3~ 
/ 0 in g er iet - al

- -  p 1 . / 0 in ge nera l

= p
1

. / 0 in general

i K I

~Ip ~o~ p =p 1 
- 

11  
-

2 K
= r = 0I k p I I

F -

_ _ _ _  - r 1~ / 0 in g e n e r a l

0 P 1 
= r [J / 0 in g eneral.

5. With the covariances at the mesh p o i n t s  and the boundary
v a l u e s d e f i n e d a b o v e c a l c u l a t e  by some  s p l i ne a l g o r i t h m
a l l  o the r  f i r s t  and s e c o n d  m i x e d  d e r i v a t i v e s ;  c a l c u l a t e  the
sp l ine coefficients k a~~~~~

} for  a l l  s u b r e c t a n g l e s .  S to re
these  c o e f f i c i e n t s  on a p e r m a n e n t  f i l e .

From now on the c l c u l a t i o n  of c o v a r i a n c e s  is e x t r e m e l y
5 i mp 1 1 :

B) 1. C a l c u l a t e  and q and f i n d  the c o r r e s p o n d i n g  sub rec -
tangle (ij) such that 

~ 
p . 1  , ~~~. K Ij

2.  D e f i n e  the k i n d  of  c o v a r i a n c e s  you are interested in and

c a l c u l a t e  i t . a c c o r d i n g  to fo r liu l a s  of the k i n d  of ( 9 - 4 )
and ( 9 — 5 ) .
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What are the advantages of the s p l i n e  r p n - 4 - e n c t a t i o n  compar ed

to the b i l i n e a r  or step function repre senta t ion?

o The sp l  1 ne is  a v e r y  a c c u i - a  te I n t e r p o l a  t i r ig  element ; there-

fo re , the num 5er of g n u  points can be ke pt small ari d we

save a lot of mass—storage.

OThe ~p l i n e  represen t ation admits a great number of differen t .

k i n d s  of c o v a n i a n c e s  d e r i v e d  f r om the b a s i c  sp l i n e ;  a g a i n
we s a v e  m a s s - s t o r a g e .  -

However , there are also some disadvantag e s~
O T h e  c a l c u l a t i o n  of t h e  sp l i n e  c o e f f i c i e n t s  is more laborious

t han  for  the other elements.

OThe calc u l a t i o n  of a covariance needs m ore c a l c u l a t i o n s  and

t h e r e f o r e  more CPU — t i m e .  The se c a l c u l a t i o n s , however , consist

of very simple operations onl y so that the r o u t i n e  i s  s t i l l
e x t r e m e l y  f a s t  c o m p a r e d  to e x a c t  c o v a r i a n c e  c a l c u l a t i o n s .

The f o l l o w i n g  t a b l e  2 g i v e s  a c o m p a r i s o n  of  CPU-time n eed ed for

the cal c u l a t i o n  of some kinds of covariances using the s u b r o u t i n e

COVA ! on the one hand and the s p l i n e  representation on t h e  o t h e r
hand

T Ag F,

1 24 .0 25.3 38.7 38 .6 C OVAX

(0.4) (0.9) (0.6) (0.h) Sp l i n e

Ag 2 6 . 3  3 9 . 3  3 95 0

(1.1) (0.5) (0.h)

5 4 . 3  5 3 . 3
( 0 . 6 ) ( 1 . 0 )

5 3 . 6
Ti

( 1 . 0 )

Table 2: CPU— time used for 1000 c a l c u l a t i o n s  o f  co-
variances u s i n g  (SOVAX and a sp l i n e  r e p r e s e n t a t i o n ;
c o m p u t e r :  U N I V A C  494 .
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10. Conclus ion s

Recently, many new s o u r c e s  o f  g e o d e t i c  d a t a  a r e  be-
com i ng a v a i l a b l e , a l l  o f  them b e i n g  r€ - l a t e d  s omehow t o  the  ~r - i v i ~~v
f i e l d  of the a rth . The lea s t - s q u a r e s  c o l l o c a t i o n  met n od i s t i e

m a t h e m a t i c a l  tool for h a n d l i n g  a l l  these hete r oge n eous d- j t -i in a

consistent way. The more sophistic a ted the kind of measur nent
‘i s , the mo re expensive is its processing. A typical example is tt”-

usc  of s a t e l l i t e — t o - s a t e l l i t e  t r a c k i n g  d a t a  where the cova n iances

are obtained by m u l t i p l e  integration procedures with , a ,a in , co—

variance s as input . Since the exac t , c a l c u l a t i o n  of cova ni a r ;ces is

fairly time c onsuming d nd a large num ber of trackin g data is f

be e x p ec t e d , s u c h  an a p p l i c a t i o n  for geodetic purpos e s would be

extremely expensive. Th is fact . made the question arise wheth er

it is possible to avoid frequent calls  of the highly sop hi st i -

cate d subroutine C OVAX b y using other simp le functions approx i -

mating the c ovariance function.

The basic p r i n c i p le u n d e r l y i n g  these investigations is

w c l l  known and frequently a p p l i e d  in many fields; the network

p r i n c i p l e :  g e n e r a t e  a net  of  f i x e d  p o i n t s  ( he re  grid points) and

pe torm very accu rate measurem e nts at these points (here , c a l c u -
l a t e  exact covariances ); th ese fixed points serve as a basis

for small scale measurements which can be performed using simpler

a p p a r a t u s  (h c .-re , more or l e s s  i n t e r p o l a t i o n  of c o v a r i a n c e s  by
lo ans of f i n i t e el ements). This report was prim a r i l y devoted to

the study of i n t e r p o l a t i o n  errors , perturbation of spectra and

to the con se 0uence s of the approximation for the predicted signal

ar id  j t ~ m e a n  squar e error. Becau se of its smoothness and its r o s t

favourable a p p r o x i m a t i o n  properties the sp l ine function re-

p r e s e n t a t i o n  of t h e  c o v a n i a n c e  f unc t ion p r e s e n t s  i t s e l f  as a
very u seful tool f o r this kind of app li cation.
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